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We classify Alt5 and SL2; 5 subgroups of E6 and F4 up to conjugacy.
We then use our results to answer conjugacy questions about Alt5 and SL2; 5
subgroups of E8 which were not resolved in earlier work. © 1998 Academic Press
1. INTRODUCTION AND PRELIMINARIES
Our purpose in this paper is to classify alternating groups of degree 5
(denoted Alt5) and SL2; 5 subgroups of E6 and F4 up to con-
jugacy. This is the continuation of a program begun in [11] in which we
classified (modulo five problem cases) the Alt5 and SL2; 5 subgroups of
E8 and is part of a general effort by many mathematicians to solve the
embedding problem of finite simple and quasisimple subgroups of excep-
tional Lie groups. Most of the work that has been done has addressed the
question of which finite simple and quasisimple groups embed in the com-
plex exceptional Lie groups. We mention, in particular, [8, 7, 15] for E7 and
E8, [10] for F4 and E6, and [9, 14] for G2. There have also been efforts to
classify subgroups up to conjugacy. In particular, we mention [9, 14] for sub-
groups of G2, [7] for PSL2; 61 in E8, [15] for PGL2; 31 and SL2; 32
in E8, and [19] for L2; q subgroups in simple Lie groups.
Our methods are mainly computational and should apply to the classi-
fication of other subgroups as long as there aren’t many cases with zero-
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dimensional centralizers. Our result for E6 will allow us to classify Alt5 and
SL2; 5 subgroups of the centralizer in E8 of an element of type 3B (a
group of type A2E6) which, in turn, will allow us to refine our main results
in [11] (see Theorem 8.2).
We define the notion of a fusion pattern which is central to our discus-
sion, and then state our main result in Table 1.2. Table 1.2 is a summary of
the results in Tables 2.11, 3.12, 4.18, and 5.7. We have also included a table
of notations and definitions in the Appendix.
Definition 1.1. A fusion pattern from the group A to the group B is
a function f from the set of conjugacy classes of A to the set of conjugacy
classes of B such that
(1) if K is a class in A of elements of order n, then f K is a class
in B of elements of order n;
(2) f commutes with power maps, that is, if Km denotes the conju-
gacy class of all mth powers of elements of K, a conjugacy class in some
group, then f Km D f Km for every class K in A and all integers m.
We denote fusion patterns from Alt5 to G by listing the images of the
classes 2A, 3A, 5A. We do not list the image of 1A and we get the image
of the remaining class 5B (Dthe set of squares of 5A) by using the squaring
map on G-classes. Similarly, for SL2; 5 fusion patterns, we list only one
class of elements of orders 5 and 10. We get the image of the remaining
classes of elements of orders 5 and 10 by using the squaring and cubing
maps respectively on G-classes.
We begin with our notation and a few lemmas which are useful in proving
conjugacy.
Notation 1.3. Let G be the complex Lie group of type E8. Fix a set of
fundamental roots and a Chevalley basis for G. We index the fundamental
roots of G as in [5] with the extra node in the extended Dynkin Diagram
labeled with 0. Let ei (resp e−i) be the Chevalley generator of the root
space for the fundamental root i (resp. −i), and let xit xD expadtei
(resp. x−it xD expadte−i) where t 2  (this is the notation used in
[6]). Let Xi be the root subgroup of G generated by all elements of the
form xit and X−i be the root subgroup of G generated by all elements
of the form x−it. Let Si xD Xi;X−i. Finally, let S0 be the fundamental
SL2; subgroup of G corresponding to the extra node in the extended
Dynkin diagram for G. Let  be the adjoint character for G. Let E be
the subgroup of G of type E6 defined as Si  i 2 1; 2; 3; 4; 5; 6,  the
adjoint character for E, and  the character for the 27-dimensional module
for E. The conjugacy classes of elements of G and E are as in [8, Tables 4
and 7; 10, Table 2] (all of these tables are reproduced in [11]) and [11,
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TABLE 1.2
Conjugacy Classes of Alt5 and SL2; 5 Subgroups of E6 and F4
E6-Fusion
pattern
F4-Fusion
pattern
No. of
E6-classes
of groups,
embeddings
No. of
F4-classes
of groups,
embeddings
Alt5
272 2A 3C 5G 2A 3A 5B 1, 2 1, 2
302 2A 3C 5F 2A 3A 5A 1, 2 1, 2
361 2A 3C 5E 2A 3A 5D 1, 1 1, 1
557 2A 3D 5E 1, 1 0, 0
694 2A 3A 5F 2A 3C 5A 1, 2 1, 2
753 2A 3A 5E 2A 3C 5D 2, 2 2, 2
769 2A 3A 5A 2A 3C 5E 1, 2 1, 2
1312 2B 3D 5I 2B 3B 5C 1, 2 1, 2
1341 2B 3D 5E 1, 1 0, 0
SL2; 5
785 2A 3C 4E 5G 6C 10M 2A 3A 4C 5B 6C 10M 1, 2 1, 2
786 2A 3C 4E 5G 6C 10N 1, 2 0, 0
800 2A 3C 4E 5F 6C 10J 2A 3A 4C 5A 6C 10J 1, 2 1, 2
934 2A 3C 4F 5G 6H 10L 2A 3A 4B 5B 6H 10L 1, 2 1, 2
951 2A 3C 4F 5F 6H 10O 2A 3A 4B 5A 6H 10O 1, 2 1, 2
1368 2A 3D 4E 5G 6G 10N 1, 2 0, 0
1401 2A 3D 4E 5I 6G 10R 1, 2 0, 0
1419 2A 3D 4E 5E 6G 10Q 1, 2 0, 0
1504 2A 3D 4F 5G 6B 10L 2A 3B 4B 5B 6B 10L 1, 2 1, 2
1556 2A 3D 4F 5E 6B 10G 2A 3B 4B 5D 6B 10G 1, 1 1, 1
2294 2A 3A 4A 5A 6K 10P 2A 3C 4E 5E 6K 10P 1, 2 1, 2
3088 2B 3C 4D 5G 6D 10C 2B 3A 4A 5B 6D 10C 1, 2 1, 2
3089 2B 3C 4D 5G 6D 10D 1, 2 0, 0
3105 2B 3C 4D 5F 6D 10K 2B 3A 4A 5A 6D 10K 1, 2 1, 2
3141 2B 3C 4D 5E 6D 10F 1, 1 0, 0
3847 2B 3D 4H 5I 6J 10A 2B 3B 4D 5C 6J 10A 1, 2 1, 2
3868 2B 3D 4H 5E 6J 10S 2B 3B 4D 5D 6J 10S 1, 1 1, 1
4438 2B 3A 4H 5E 6E 10S 2B 3C 4D 5D 6E 10S 1, 1 1, 1
Table 1.12]. When a conjugacy class label appears without reference to a
group, we mean a conjugacy class in E. Otherwise we indicate the group to
which the label refers in brackets, e.g., 2B[G] refers to a conjugacy class of
involutions in G. Then we define the standard subgroups of G as shown in
Table 1.4.
We also define the standard subgroups of E as shown in Table 1.5. The
Si in this instance are as before with the labeling of the nodes in the E6
Dynkin diagram as in [5].
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TABLE 1.4
Standard Subgroups of G
Notation Meaning
A Si  i 2 0, 1, 3, 4, 5, 6, 7, 8, a subgroup of G of type A8.
H Si  i 2 0, 2, 3, 4, 5, 6, 7, 8, a subgroup of G of type D8.
1 CGE CEy where y is an element of E of type 3B. Thus,
1 is a subgroup of G of type A42.
TABLE 1.5
Standard Subgroups of E
Notation Meaning
D Si  i 2 1, 2, 3, 4, 5, a subgroup of E \ H of type D5.
A Si  i 2 1, 3, 4, 5, 6, a subgroup of E \ A of type A5.
C 1 \ E, a subgroup of type A32. C is the centralizer of an
element of E of type 3C[E].
F The fixed point subgroup of the standard graph automor-
phism of E
Proposition 1.6. The normalizer NEC induces on the components of
C the full symmetric group 63.
Proof. See the discussion following Theorem 4.1 in [10].
Remark 1.7. We take this opportunity to point out and correct the fact
that the proof of the analogous result in [11, 4.18] is incomplete. We refer
the reader to [13, 11.1] for a complete proof.
We will also need to refer to E-conjugacy classes of elements of order
10 so we label them in Table 1.8. Since we will only need the real classes,
these are the only classes we label.
To find the adjoint character on each of the classes of elements of order
10, we find all sequences s0; s1; : : : ; s6 generating the unit ideal and such
that
P4
iD0 aisi D 10 where the ai are the labels for F 14 in [16, Table Aff 1].
Then, by [16, Theorem 8.6], all elements of F of order 10 are exhausted up
to conjugacy, and we can easily calculate the multiplicities of the eigenval-
ues of each class of elements. The centralizers come from [16, Proposition
8.6(b)]. To calculate the 27-dimensional character, we use [10, Sect. 2].
Some important results of [11] are easily adapted to E. We list them
below.
Lemma 1.9. Let L be a subgroup of E and suppose CL contains an
eights-group X such that X \CX 6D 1. Then X, and hence CL, contains
an involution of type 2B. In particular, if the rank of CL is  3, L is
conjugate to a subgroup of D.
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TABLE 1.8
Real Classes of Elements of E of Order 10.
Label
Eigenvalues
for the
27-dim
module 
Eigenvalues
for the
adjoint
module 
Class
in G
10A[3][A, I] 9; 8; 1; 0; 0; 0 8C 9 30; 16; 8; 0; 0; 0 22 C 24 10B
10B[3][B, I] 3; 4; 0; 1; 4; 6 −2- 18; 8; 6; 2; 8; 12 2 C 4 10NN
10C[3][B, G] 5; 6; 3; 2; 0; 0 4C 7 16; 12; 12; 4; 3; 0 8C 17 10PP
10D[3][B, G] 3; 3; 1; 4; 3; 2 4− 3 12; 6; 8; 8; 9; 4 8− 3 10QQ
10E[3][A, I] 5; 4; 1; 0; 4; 4  14; 8; 4; 4; 8; 16 −2 10RR
10F[B, E] 3; 3; 2; 3; 2; 4 0 10; 6; 9; 6; 9; 8 −1 10SS
10G[A, E] 3; 2; 3; 2; 3; 4 −2 10; 8; 7; 8; 7; 8 3 10TT
10H[3][A, A] 7; 2; 0; 0; 4; 8 −1− 2 20; 12; 1; 0; 8; 16 3C 5 10UU
10I[3][B, A] 7; 4; 0; 0; 2; 8 −1C 2 20; 8; 1; 0; 12; 16 3− 3 10VV
10J[3][A, F] 5; 2; 1; 2; 4; 4 2 − 3 12; 10; 5; 6; 8; 8 5C  10WW
10K[3][B, F] 5; 4; 1; 2; 2; 4 2 C  12; 8; 7; 4; 10; 8 1C  10XX
10L[3][A, G] 5; 4; 3; 2; 2; 0 4C 3 12; 10; 8; 8; 5; 4 8C 5 10YY
10M[3][A, G] 5; 2; 1; 4; 4; 0 8− 5 12; 6; 4; 12; 9; 4 16− 11 10ZZ
10N[3][A, G] 3; 3; 3; 2; 3; 2  8; 8; 8; 8; 7; 8  10AAA
10O[3][A, F] 9; 6; 3; 0; 0; 0 6C 9 20; 18; 9; 2; 0; 0 13C 25 10BBB
10P[3][A, A] 15; 6; 0; 0; 0; 0 15C 6 36; 20; 1; 0; 0; 0 35C 21 10CCC
10Q[3][A, E] 7; 5; 4; 1; 0; 0 4C 8 18; 14; 9; 6; 1; 0 15C 16 10DDD
10R[3][A, I] 7; 4; 0; 1; 4; 2 6−  18; 8; 2; 6; 8; 12 10− 4 10EEE
10S[B, E] 7; 4; 1; 4; 1; 0 10 18; 8; 7; 8; 7; 0 19 10FFF
10T[3][A, E] 5; 3; 3; 2; 2; 2 2 C 2 10; 9; 8; 7; 6; 8 1C 4 10GGG
10U[3][A, F] 5; 3; 2; 1; 3; 4  10; 9; 5; 6; 9; 10 1−  10HHH
10V[3][A, A] 9; 3; 0; 0; 3; 6 3 18; 10; 0; 1; 10; 18 1−  10III
10W[3][A, F] 9; 3; 0; 3; 3; 0 12 − 3 18; 9; 1; 10; 9; 2 25− 9 10JJJ
Proof. Since X is a subgroup of E, it is a subgroup of G and therefore
by [11, 5.23], X contains an element of type 2B.
Lemma 1.10. Let M D SL2; 5 be a subgroup of E whose connected
centralizer has rank  2. Then M is conjugate to a subgroup of D.
Proof. Let x be the central involution of M . If x has type 2B, then M
is conjugate to a subgroup of D. So we assume x has type 2A. If CM has
rank  3 then M is conjugate to a subgroup of D by Lemma 1.9.
If CM has rank 2, then it has type G2, A2, B2, A1A1, A1T1, or T2.
If CM has type G2 or A2, and if X is the toral fours group in CM,
X;x is an eights-group which intersects its connected centralizer nontriv-
ially and hence by Lemma 1.9 contains an element of type 2B, whence M
is conjugate to a subgroup of D.
Suppose CM has type B2, A1A1, A1T1, or T2 and X is a toral fours-
group in CM. Suppose further that X is 2A-pure. Then L  CX which
has type A2A2T2. Now the A2 factors in CX are factors of the connected
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centralizer of an element of type 3C, so as L is contained in the semisimple
part of CX, CL contains a subgroup of type A2. But CL doesn’t
contain a subgroup of type A2, so CL contains an element of type 2B
and L is therefore conjugate to a subgroup of D.
Lemma 1.11. Let L D Alt5 be a subgroup of E whose centralizer has
dimension =2 0; 1; 3; 8; 14. Then L is conjugate to a subgroup of D.
Proof. If CL has rank 1, then it has dimension 1 or 3. If CL has
rank 2, then it has type T2, A1T1, A1A1, A2, B2, or G2. Hence if dimCL
is greater than or equal to 15 or is an element of 5, 7, 9, 11, 12, 13, then
CL has rank  3 so contains an involution of type 2B by Lemma 1.9.
Suppose CL has rank 2 and that the toral fours-group X is 2A-pure.
Then L  CX which has type A2A2T2. Now the A2 factors in CX are
factors of the connected centralizer of an element of type 3C, so as L is
contained in the semisimple part of CX, CL contains a subgroup of
type A2 so has type A2 or G2. Hence if CL has one of the other types
of rank 2, it contains an element of type 2B and L is therefore conjugate
to a subgroup of D.
Lemma 1.12. Suppose V is a direct sum of self-dual submodules, irre-
ducible with respect to the action of F  SOn;, say V D U1      Ut ,
and suppose there are s distinct isomorphism types. Let mi be the multiplicity
of the ith isomorphism type and let ni D mi=2 for i D 1; : : : ; s. Then there
is a
Ps
iD1 ni-dimensional torus T in SOn; which centralizes F .
Proof. This is [11, 5.32].
Lemma 1.13. Suppose L is an Alt5 or SL2; 5 subgroup of SOn;
and that T is an r-dimensional torus which centralizes L. Let  be the cover-
ing projection from Spinn; onto SOn;. Then −1T  commutes with
−1L.
Proof. This is [11, 5.34].
Remark 1.14. Lemmas 1.12 and 1.13 allow us to look at the character of
an embedding of Alt5 or SL2; 5 and find toral elements of finite order
which centralize the image of the embedding. We can then calculate the
value of the adjoint character of G of such elements as follows. Let x be a
toral element of H of finite order. Then x is conjugate in H to an element
of the form diagA;A−t where A 2 GL8;. But x corresponds to an
element a in the Cartan subalgebra of LieG whose action on the LieG
is as follows: a:er D a; rer where r is a root of E8 and er is the Chevalley
generator for the root space corresponding to r . So x:er D e2ia;rer and
we know the eigenvalues of x so we can calculate the trace of the adjoint
character.
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2. CONJUGACY OF Alt5 SUBGROUPS OF E
By [11, 6.4] we know the Alt5 fusion patterns which exist in E, and the
dimension of their centralizers. We reproduce those results in Table 2.1.
Note 2.2. From now on we refer to the Alt5 and SL2; 5 fusion pat-
terns in E by the number assigned to the corresponding G-fusion pattern
in [11].
It is useful to list the fusion patterns and classes of embeddings of the
Alt5 subgroups of A, C and D and we do so in Table 2.5.
Remark 2.3. When referring to characters of Alt5 and SL2; 5, we will
simply write the degree of the character except when there are multiple
characters of a given degree. We then use the notation of [4] (i.e., 3a and
3b for the degree 3 characters of Alt5). To distinguish between the faithful
and nonfaithful characters of SL2; 5 of degree 4, we use 4f to denote
the faithful character and 4 to denote the nonfaithful character. Finally, we
point out that we often blur the distinction between a representation, or
a class of representations and its character. For example, when we speak
of a representation 3a of Alt5, we mean either the class of representations
which affords the 3a character of Alt5 or a representative of that class.
Remark 2.4. In [11, 4.9] we define an outer twist and we reproduce the
definition here. Let M D SL2; 5 and let CharM be the set of finite-
dimensional characters of M . Then let  : CharM ! 9 be the map de-
fined by
  D ; 1; ; 3a; ; 3b; ; 4; ; 5; ; 2a; ; 2b;
; 4f ; ; 6:
(Note that  is just the ordered list of coefficients of  with respect to the
basis of irreducible characters.) Since  is injective,  −1 is well-defined. Let
TABLE 2.1
Fusion Patterns of Alt5 Subgroups of E
Fusion pattern in E Fusion pattern in G L; 1
2A, 3C, 5E 361 2A[G], 3B[G], 5G[G] 1
2A, 3D, 5E 557 2A[G], 3C[G], 5G[G] 4
2A, 3C, 5G 272 2A[G], 3B[G], 5D[G] 0
2B, 3D, 5I 1312 2B[G], 3C[G], 5F[G] 14
2A, 3C, 5F 302 2A[G], 3B[G], 5E[G] 2
2A, 3A, 5F 694 2A[G], 3D[G], 5E[G] 8
2A, 3A, 5E 753 2A[G], 3D[G], 5G[G] 7
2B, 3D, 5E 1341 2B[G], 3C[G], 5G[G] 8
2A, 3A, 5A 769 2A[G], 3D[G], 5H[G] 16
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TABLE 2.5
Embeddings of Alt5 in A, C, and D
Fusion
pattern A-embedding C-embedding D-embedding
272 none 32a C 3b none
302 none 33a 5C 3a C 12
361 none none 5C 4C 1
557 5C 1 none 52
694 none none 4C 3a C 13
753 4C 12 none 3a C 3b C 14, 42 C 12
769 3a C 13 3a C 13 C 13 32a C 14
1312 32a 3
2
a C 13 none
1341 3a C 3b 3a C 3b C 13 none
: 9 ! 9 be defined by a; b; c; d; e; f; g; h; i D a; c; b; d; e; g; f; h; i.
Then  xD  −1  is the character of SL2; 5 in which the multi-
plicities of 3a and 3b for  and the multiplicities of 2a and 2b for  are inter-
changed. If y is an element of order 10 in M D SL2; 5, then y D y3.
If y is an element of order 2, 3, 4 or 6 in M then y D y. Hence the
affording representations for  and  are two nonconjugate embeddings
of M into GLn;. We call  an outer twist and say  is obtained from
 by an outer twist. Observe that this definition is well-defined for finite-
dimensional Alt5 characters as well, since Alt5 characters form a subspace
of the space of SL2; 5 characters. In Table 2.5, if  can be obtained from
 by an outer twist, then we only list one of the pair.
We obtain the entries in Table 2.5 from [11, 4.14, 4.20, and 5.13]. For A,
we take all entries from [11, 4.14] for which the character has at least three
trivial constituents. For C, we take all entries from [11, 4.20] for which
the character is trivial on at least one of the factors of 1. For D, we take
all entries from [11, 5.13] for which the character has at least six trivial
constituents.
Remark 2.6. We remind the reader of some facts which are proved in
[11] regarding conjugacy in the various standard subgroups of G and adapt
them to the current problem. We can use a proof similar to that for [11,
4.11] to show that the character is enough to determine conjugacy of an
Alt5 (resp. SL2; 5) embedding in A. Similarly, we can use [11, 4.10 and
4.11] with j D 1 and n D 4 to show that any Alt5 (resp. SL2; 5)-character
 from [11, 4.20] (resp. [11, 4.21]) with at most three nontrivial constituents
affords a single C-class of embeddings of Alt5 (resp. SL2; 5) into C,
and by Lemma 1.6, a permutation of the factors of C doesn’t change the
E-class of Alt5 (resp. SL2; 5). Finally, by [11, 5.8 and 5.9], any
two subgroups of SOn; acting on the same module are conjugate in
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SOn; if there is an odd-dimensional irreducible submodule of the given
module.
Corollary 2.7. There is one E-class of Alt5 subgroups with each of the
fusion patterns 302, 361, 557, 769, and 1312.
Proof. Since the dimension of the centralizer in each of these cases
(except 361) is not one of the dimensions in Lemma 1.11, then any subgroup
with one of these fusion patterns is conjugate to a subgroup of D. But by
Table 2.5, there is only one D-class of subgroups for each of these fusion
patterns. The result for case 361 is proved in [11, 6.5].
We now analyze the remaining cases for Alt5 subgroups of E.
Case 272. Let L be a subgroup of E with fusion pattern 272. Since
CGL has type G2, by [11, 5.19] and Remark 1.14, L is contained in an F4
subgroup of E, and therefore by [14, 3.6.iv], L is E-conjugate to a subgroup
of F . Now we jump ahead to a theorem of Magaard (Theorem 4.17) to
see that L is unique up to conjugacy in F , and therefore is unique up to
conjugacy in E.
Case 694. Let L be a subgroup of E with fusion pattern 694. Since the
centralizer in E of L has dimension 8, it has rank at least 2 and therefore
contains a fours-group X. If X is 2A-pure, then CX has type A2A2T2 
C and L is conjugate to a subgroup of C. But by Table 2.5, there is no
Alt5 subgroup of C with fusion pattern 694. Hence X is not 2A-pure and
L is conjugate to a subgroup of D. But by Table 2.5, there is only one D-
class of Alt5 subgroups of D with fusion pattern 694. So L is unique up to
conjugacy in E.
Case 753. Let L be a subgroup of E with fusion pattern 753. Since
the dimension of CL is 7, CL has rank at least 2 and therefore L is
conjugate to a subgroup of D by Lemma 1.10. But there are 2 classes of
Alt5 subgroups of D with fusion pattern 753 by [11, 5.13] so there are either
1 or 2 E-classes. Suppose L is a representative of the class corresponding
to the character 3a C 3b C 14. Then by Remark 1.14, there is no element
of type 3A[G] in CL. However, if L is a representative of the class
corresponding to the character 42 C 12, then there is an element of type 3A
in CL so the two connected centralizers are not conjugate and therefore
neither are the Alt5 subgroups so there are two classes of Alt5 subgroups
of E with fusion pattern 753.
Case 1312. Let L be a subgroup of E with fusion pattern 1312. Since the
dimension of CL is 14, CL has rank at least 2 and therefore contains a
toral fours-group X. Now X does not contain an element of type 2B since
L is not conjugate to a subgroup of D by Table 2.5, hence X is 2A-pure.
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Thus, CX has type A2A2T2 and is a subgroup of C, so L is a subgroup
of C and therefore is unique up to conjugacy in E by Remark 2.6.
Before we analyze Case 1341, we need a definition.
Definition 2.8. Let G D G1  : : : Gn be a central product and define
Gi xD Gj  J 6D i, Zi xD Gi \Gi, and Z xD Zi  i D 1; : : : ; n  ZG.
There is a natural map G ! 5Gi=Zi, defined by gi 7! Zigi (easily,
one sees this is well defined) with kernel Z. Let S be a subgroup of G.
The quasiprojections of S are the groups Si  G, i D 1; : : : ; n, which satisfy
Zi  Si and Si=Zi is the projection of SZ=Z into the ith factor with respect
to the decomposition 5Gi=Zi. (This definition is [13, 2.5].)
Case 1341. The centralizer of an Alt5 subgroup L of G with this fu-
sion pattern has type A2A2. Moreover L is conjugate to a subgroup of 1,
so assume L is a subgroup of 1. Now the commutator subgroup of the
quasiprojection of L into the factors of 1 is nontrivial for only two of the
factors, so the connected centralizer of L is contained in 1. By [11, 4.18],
we may assume that L is in E. Hence the centralizer in E of L is one of
the factors of the centralizer of an element of type 3C. So L is conjugate
in E to a subgroup of C and is therefore unique up to conjugacy in E by
Remark 2.6.
To calculate centralizer types, we use a variation on [11, 5.35].
Lemma 2.9. Suppose L is a subgroup of D, CEL contains an n-
dimensional torus T and that T contains an element x of type 2B. Then
CDLg contains an (n − 1)-dimensional torus for some g 2 E such that
Lg  D.
Proof. Let w be the central involution in D. Since x has type 2B, 9g 2
E such that xg D w. Hence Tg  Cw D DS, where S is a 1-dimensional
torus, Lg  D and Tg  CDLgS.
Now the centralizer types for Alt5 subgroups of E with fusion patterns
302 and 361 are determined by their dimensions and are T2 and T1, respec-
tively.
Case 557. By Lemma 2.9, Table 2.1, Table 2.5, and Remark 1.14, the
centralizer of an Alt5 subgroup of E with this fusion pattern has dimension
4 and rank 2, and therefore has type A1T1.
Case 694. By Lemma 2.9, Table 2.1, Table 2.5, and Remark 1.14, the
centralizer of an Alt5 subgroup of E with this fusion pattern has dimension
8 and rank 2 and therefore has type A2.
Case 753. By Lemma 2.9, Table 2.1, Table 2.5, and Remark 1.14, the
centralizer of an Alt5 subgroup of E with this fusion pattern has dimension
7 and rank 3 and therefore has type A1A1T1.
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TABLE 2.11
Conjugacy Classes of Alt5 Subgroups of E
Fusion pattern
Subgroups of E
which contain
Alt5 subgroups
of the given
fusion pattern
Connected
centralizer
type
Number of
conjugacy
classes
in E
272 2A, 3C, 5G C 1 1
302 2A, 3C, 5F C, D T2 1
361 2A, 3C, 5E D T1 1
557 2A, 3D, 5E A, D A1T1 1
694 2A, 3A, 5F D A2 1
753 2A, 3A, 5E A, D A1A1T1 2
769 2A, 3A, 5A A, C, D A2A2 1
1312 2B, 3D, 5I A, C G2 1
1341 2B, 3D, 5E A, C A2 1
Case 769. By Lemma 2.9, Table 2.1, Table 2.5, and Remark 1.14, the
centralizer of an Alt5 subgroup of E with this fusion pattern has dimension
16 and rank 4. By Table 2.5, CL contains a subgroup of type A2A2 and
therefore has type A2A2.
Case 1312. Since the dimension of CL is 14, the rank of CL is at
least 2. But if L is an Alt5 subgroup of E with this fusion pattern, L is not
conjugate to a subgroup of D by Table 2.5 and therefore CL has rank at
most 2 by Lemma 1.9. Therefore, CL has rank 2 and type G2.
Case 1341. Since the dimension of CL is 8, the rank of CL is at
least 2. But if L is an Alt5 subgroup of E with this fusion pattern, L is not
conjugate to a subgroup of D by Table 2.5 and therefore CL has rank at
most 2 by Lemma 1.9. Therefore, CL has rank 2 and type A2.
We now summarize our results in the following theorem and table.
Theorem 2.10. Suppose L is an Alt5 subgroup of E. Then L is conjugate
to every other Alt5 subgroup of E with the same fusion pattern unless L has
fusion pattern 753. If L has fusion pattern 753, then it belongs to one of two
conjugacy classes in E. These fusion patterns and the centralizer types of Alt5
subgroups of E with these fusion patterns are listed in Table 2.11.
Remark 2.12. It is clear that for each conjugacy class K of Alt5 sub-
groups which have nonrational elements of order 5 that there are two
nonconjugate classes of embeddings of Alt5 subgroups of K. As for those
classes with rational elements of order 5, all of them have representatives
in D except class 1341 which has a representative in C. Suppose K is an
Alt5 conjugacy class where the elements of K have rational elements of
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order 5. Then by Theorem 2.10, K consists of all Alt5 subgroups with the
given fusion pattern (with the exception if the elements of K have fusion
pattern 753) so if there is any element of K afforded by an embedding of
Alt5 into D (or C in the case of class 1341) which is unchanged by an outer
twist, and if there is an element of D (or C for 1341) which induces that
outer twist, then there is only one class of embeddings affording elements
of K. Such an element exists in D if any of the irreducible constituents are
odd, and always exists in NC. We produce such an embedding for each
rational class K, and we produce two for fusion pattern 753, one for each
of the classes of groups.
361 5C 4C 1
557 52
753
42 C 12
3a C 3b C 14
1341 3a C 3b C 13
3. CONJUGACY OF SL2; 5 SUBGROUPS OF E
We now turn our attention to the SL2; 5 subgroups of E. To begin, we
take a cue from [10] and calculate all of the feasible characters of SL2; 5
of degree 27. Since, in [11] we already have a conjugacy theorem for E8,
we can immediately eliminate any feasible characters affording fusion pat-
terns which do not correspond to SL2; 5 subgroups of G. The remaining
feasible characters and the fusion patterns they afford are listed in Ta-
bles 3.1 and 3.2.
Note that since SL2; 5 subgroups of G with fusion patterns 3665 and
3717 have type 2B[G] central involutions, if such a subgroup is in E, it
must be conjugate to a subgroup of D. But by Table 3.3, there are no such
subgroups of D. We are thus left with the SL2; 5 fusion patterns listed in
Table 3.1 which correspond to subgroups of E. We also give the dimension
of the connected centralizers of subgroups with the given fusion pattern.
It is useful to list the fusion patterns and classes of embeddings of the
SL2; 5 subgroups of A, C and D and we do so in Table 3.3.
We obtain the entries in Table 3.3 from [11, 4.16, 4.21 5.14 and 5.36].
For A, we take all entries from [11, 4.16] for which the character has at
least three trivial constituents. For C, we take all entries from [11, 4.21] for
which the character is trivial on at least one of the factors of 1. For D, we
take all entries from [11, 5.14 and 5.36] for which the character has at least
six trivial constituents.
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TABLE 3.1
Feasible Characters Which Afford Fusion Patterns Occurring in E8
Feasible character E fusion pattern G fusion pattern
6C5C4f C3aC3bC2aC4 2A, 3C, 4E, 5G, 6C, 10N 786 2A, 3B, 4D, 5D, 6O, 10AAA
6C5C42f C32aC2a 2B, 3D, 4D, 5G, 6A, 10D 3665 2B, 3C, 4C, 5D, 6J, 10QQ
62C5C4f C3aC3b 2B, 3D, 4D, 5E, 6A, 10F 3717 2B, 3C, 4C, 5G, 6J, 10SS
5C42f C33aC22aC1 2A, 3C, 4E, 5G, 6C, 10M 785 2A, 3B, 4D, 5D, 6O, 10ZZ
6C3aC3bC2aC22bC42C1 2A, 3D, 4E, 5G, 6G, 10N 1368 2A, 3C, 4D, 5D, 6R, 10AAA
6C4f C32aC22aC2bC4C1 2B, 3C, 4D, 5G, 6D, 10D 3089 2B, 3B, 4C, 5D, 6K, 10QQ
62C3aC3bC2aC2bC4C1 2B, 3C, 4D, 5E, 6D, 10F 3141 2B, 3B, 4C, 5G, 6K, 10SS
62C5C33aC1 2A, 3C, 4E, 5F, 6C, 10J 800 2A, 3B, 4D, 5E, 6O, 10WW
62C52C4C1 2A, 3D, 4F, 5E, 6B, 10G 1556 2A, 3C, 4E, 5G, 6L, 5G, 10TT
42f C33bC24bC12 2B, 3C, 4D, 5G, 6D, 10C 3088 2B, 3B, 4C, 5D, 6K, 10PP
52C42f C3bC22bC12 2A, 3D, 4F, 5G, 6B, 10L 1504 2A, 3C, 4E, 5D, 6L, 10YY
62C32aC3bC22bC12 2B, 3C, 4D, 5F, 6D, 10K 3105 2B, 3B, 4C, 5E, 6K, 10XX
4f C34bC24bC13 2A, 3D, 4E, 5E, 6G, 10Q 1419 2A, 3C, 4D, 5G, 6R, 10DD
6C34aC23bC13 2A, 3D, 4E, 5I, 6G, 10R 1401 2A, 3C, 4D, 5F, 6R, 10EEE
3bC22aC24bC42C14 2A, 3C, 4F, 5G, 6H, 10L 934 2A, 3B, 4E, 5D, 6P, 10YY
33bC26bC16 2A, 3C, 4F, 5F, 6H, 10O 951 2A, 3B, 4E, 5E, 6P, 10BBB
5C44f C16 2B, 3A, 4H, 5E, 6E, 10S 4438 2B, 3D, 4F, 5G, 6M, 10FFF
24aC24bC4C17 2B, 3D, 4H, 5E, 6J, 10S 3868 2B, 3C, 4F, 5G, 6Q, 10FFF
3bC28bC18 2B, 3D, 4H, 5I, 6J, 10A 3847 2B, 3C, 4F, 5F, 6Q, 10B
26bC115 2A, 3A, 4A, 5A, 6K, 10P 2294 2A, 3D, 4G, 5H, 6S, 10CCC
Lemma 3.4. There is only one conjugacy class of SL2; 5 subgroups of
E with each of the fusion patterns 951, 1368, 1401, 1419, 1504, 2294, 3088,
3089, 3105, 3141, 3847, 3868, and 4438.
Proof. Let M be an SL2; 5 subgroup of E with one of the above fu-
sion patterns except fusion pattern 3141. Since, by Table 3.2, the connected
centralizer in E of M has rank at least 2, M is conjugate to a subgroup of
D. But by Table 3.3 there is only one D-class of SL2; 5 subgroups in D
with the same fusion pattern as M , and hence only one E-class of SL2; 5
subgroups in E with the same fusion pattern as M .
If M has fusion pattern 3141, then the central involution of M has type
2B and so M is conjugate to a subgroup of D. But by Table 3.3 there is
only one D-class of SL2; 5 subgroups of D with fusion pattern 3141.
Lemma 3.5. There is only one conjugacy class of SL2; 5 subgroups of
E with fusion pattern 934.
Proof. By Table 3.2, M is conjugate to a subgroup of D. By Table 3.3
there are two D-classes of SL2; 5 subgroups with fusion pattern 934. But
if M is one of these subgroups of D, the maximal torus of CM contains
an element y of type 3B[G] which does not centralize D and therefore is
not of type 3E. Hence y has type 3C and M is conjugate to a subgroup of
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TABLE 3.2
Fusion Patterns Corresponding to SL2; 5 Subgroups of E and the Dimension of the
Connected Centralizers of Such Subgroups
fp
number E fusion pattern G fusion pattern M; 1
785 2A, 3C, 4E, 5G, 6C, 10M 2A, 3B, 4D, 6O, 5D, 10ZZ 3
786 2A, 3C, 4E, 5G, 6C, 10N 2A, 3B, 4D, 5D, 6O, 10AAA 1
800 2A, 3C, 4E, 5F, 6C, 10J 2A, 3B, 4D, 5E, 6O, 10WW 3
934 2A, 3C, 4F, 5G, 6H, 10L 2A, 3B, 4E, 5D, 6P, 10YY 7
951 2A, 3C, 4F, 5F, 6H, 10O 2A, 3B, 4E, 5E, 6P, 10BBB 11
1368 2A, 3D, 4E, 5G, 6G, 10N 2A, 3C, 4D, 5D, 6R, 10AAA 4
1401 2A, 3D, 4E, 5I, 6G, 10R 2A, 3C, 4D, 5F, 6R, 10EEE 9
1419 2A, 3D, 4E, 5E, 6G, 10Q 2A, 3C, 4D, 5G, 6R, 10DDD 9
1504 2A, 3D, 4F, 5G, 6B, 10L 2A, 3C, 4E, 5D, 6L, 10YY 4
1556 2A, 3D, 4F, 5E, 6B, 10G 2A, 3C, 4E, 5G, 6L, 10TT 3
2294 2A, 3A, 4A, 5A, 6K, 10P 2A, 3D, 4G, 5H, 6S, 10CCC 35
3088 2B, 3C, 4D, 5G, 6D, 10C 2B, 3B, 4C, 5D, 6K, 10PP 4
3089 2B, 3C, 4D, 5G, 6D, 10D 2B, 3B, 4C, 5D, 6K, 10QQ 2
3105 2B, 3C, 4D, 5F, 6D, 10K 2B, 3B, 4C, 5E, 6K, 10XX 2
3141 2B, 3C, 4D, 5E, 6D, 10F 2B, 3B, 4C, 5G, 6K, 10SS 1
3847 2B, 3D, 4H, 5I, 6J, 10A 2B, 3C, 4F, 5F, 6Q, 10B 22
3868 2B, 3D, 4H, 5E, 6J, 10S 2B, 3C, 4F, 5G, 6Q, 10FFF 16
4438 2B, 3A, 4H, 5E, 6E, 10S 2B, 3B, 4F, 5G, 6M, 10FFF 11
C. Since C has only one class of SL2; 5 subgroups with fusion pattern
934, there is only one E-class of SL2; 5 subgroups of E.
Lemma 3.6. The A5 factors of the centralizers of elements of types 3A and
3B are conjugate to A.
Proof. Let x be an element of E of type 3A (resp. 3B). Then the A5
factor of Cx contains the A5 factor of an element of type 6K (resp.
6L) and therefore they are equal. But the A5 factor of 6K (resp. 6L) is
contained in (and is therefore equal to) the A5 factor of an element of
type 2A. But the A5 factor of an element of type 2A is conjugate to A.
Lemma 3.7. There is only one conjugacy class of SL2; 5 subgroups of
E with each of the fusion patterns 785 and 800.
Proof. Let M be an SL2; 5 subgroup of E with one of the above
fusion patterns. Since D doesn’t contain any conjugates of M by Table 3.3,
the centralizer of M has rank 1 by Remark 1.14 and Table 3.2 and so
contains a toral element y of order 3. By Lemma 3.6, y does not have type
3A or 3B since then M would be conjugate to a subgroup of A and A does
not have any SL2; 5 subgroups with either of the above fusion patterns. If
y has type 3D, then CM has rank at least 2, which is impossible. Finally,
since y is an element of CM (of type A1) it does not centralize CM
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TABLE 3.3
Embeddings of SL2; 5 in A, C, and D
Fusion
pattern A-embedding C-embedding D-embedding
785 none 2a C 1 C 32a none
786 none 2a C 1 C 3a C 3b none
800 none 2a C 1 C 32b none
934 22a C 2b 2a C 12 C 2b C 1 23a C 3b C 13, 22a C 4C 12
951 23a 2a C 13 22a C 3a C 13
1368 2a C 4 none 22a C 3a C 3b
1401 2a C 3b C 1 2a C 1 C 3b C 13 22a C 32b
1419 2a C 3a C 1 2a C 1 C 3a C 13 22a C 32a
1504 4f C 2 none 22a C 5C 1
1556 6 none none
2294 2a C 14 2a C 1 C 16 22a C 16
3088 none 2a C 12 C 3a 33a C 1
3089 none 2a C 1 C 2b C 1 C 3a 4C 32a
3105 none 2a C 12 C 3b 32a C 3b C 1
3141 none none 4C 3a C 3b
3847 22a C 12 2a C 12 C 13 3a C 17, 24a C 12
3868 2a C 2b C 12 2a C 1 C 2b C 1 C 13 4C 16, 22a C 22b C 12
4438 4f C 12 none 5C 15, 42f C 12
so does not have type 3E. Therefore y has type 3C and M is conjugate to
a subgroup of C. Since there is only one C-class of SL2; 5 subgroups of
C with each of these fusion patterns, M is unique up to conjugacy in E.
Lemma 3.8. There is only one conjugacy class of SL2; 5 subgroups of
E with fusion pattern 1556.
Proof. Let M be an SL2; 5 subgroup of E with fusion pattern 1556.
Since D doesn’t contain any conjugates of M by Table 3.3, the centralizer
of M has rank 1 by Remark 1.14 and Table 3.2 and so contains a toral
element y of order 3. We see from Table 3.3 that y does not have type 3C
since M is not conjugate to a subgroup of C. Since CM has rank 1, y
does not have type 3D since then CM would contain a 2-dimensional
torus. Now CGM has type G2A1 (by [11, 8.2]) and CM xD CEM
has type A1. By [11, 5.36 and 8.1], M is conjugate in G to a subgroup of
H and there is therefore, by Lemma 1.12, a 27-group Y in CGM with
2 elements of type 3BG, 12 elements of type 3CG, and 12 elements of
type 3DG. So y is conjugate to an element of Y and hence does not have
type 3B since it would then have type 3AG and would not be conjugate
to an element of Y . Finally, since y is an element of CM (of type A1)
it does not centralize CM and therefore does not have type 3E. Hence
y has type 3A, and M is conjugate to a subgroup of A. Since by Table 3.3
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there is only one A-class of SL2; 5 subgroups of A with fusion pattern
1556, M is unique up to conjugacy in E.
We are therefore left only with the fusion pattern 786. In [11] we showed
that there were two G-conjugacy classes of SL2; 5 subgroups with fusion
pattern 786, but we did not determine the type of the connected centralizer
in G, only that it was either A2T1 or A1A1A1. Now it is easy for the
786-class which is represented in 1 since by [11, 4.21] it is clear that the
centralizer of an SL2; 5 subgroup of 1 with fusion pattern 786 contains
a subgroup of type A2 and therefore has type A2T1. Below we prove that
this is the only subgroup of E up to conjugacy with fusion pattern 786.
Lemma 3.9. Let M be an SL2; 5 subgroup of E such that the central
involution of M has type 2A and M is not conjugate to a subgroup of D or
A. Then M belongs to one of three conjugacy classes of subgroups and has
fusion pattern either 785, 786, or 800.
Proof. Since M has a central involution of type 2A, M is contained in a
subgroup J of E of type A5A1, and since it is not conjugate to a subgroup of
A or D, M is diagonally embedded in J and has fusion pattern one of 785,
786 or 800. Now the commutator subgroup of the quasiprojection of M (see
Definition 2.8) to each of the factors of J is nontrivial (since M is diagonally
embedded) so each is isomorphic to one of Alt5 or SL2; 5. But the A1
factor of J is isomorphic to SL2; which has no Alt5 subgroups, so the
commutator subgroup of the quasiprojection of M into the A1 factor of J is
isomorphic to SL2; 5. But now the commutator of the quasiprojection of
M into the A5 factor of J is isomorphic to Alt5 since if it were isomorphic
to SL2; 5, M would be isomorphic to Alt5. There is one conjugacy class
of SL2; 5 subgroups of SL2; and there are five conjugacy classes of
Alt5 subgroups of A (note that the A5 factor of J is conjugate in G to A).
Now CM xD CEM has rank one, and centralizes in particular the
central involution of M . Hence CM  J. Furthermore, since M is not
conjugate to a subgroup of D, the toral involution of CM has type 2A
and in fact coincides with the central involution of M (for if they were
distinct, M would be centralized by a 2A-pure fours-group and by [10, Ta-
ble 3] would then centralize a 2-dimensional torus contradicting the fact
that the rank of CM is 1). Since the 1-dimensional torus T in CM is
abelian, T  J. In particular, since the quasiprojection of M into the A1
factor of J has a 0-dimensional centralizer there, T is contained in the A5
factor of J which is conjugate in G to A. So L doesn’t have fusion pat-
tern 557. Now consider the element y of order 3 in T . If y has type 3A
or 3B, then M is contained in a subgroup of type A5 which is conjugate
in G to A (by Lemma 3.6) which is impossible since A doesn’t contain
SL2; 5 subgroups with fusion pattern 785, 786 or 800. If y has type 3D,
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then M is contained in a subgroup of type D4T2 and therefore central-
izes a 2-dimensional torus which contradicts our hypothesis that CM has
dimension 1.
Now if we look at the embeddings of the commutator subgroup of the
quasiprojection L of M into the A5 factor of J, we see from Table 2.5 that
if L has fusion pattern 769 or 753 then y has type 3D[G] so has type 3A[E],
a contradiction. So L has fusion pattern 1312 or 1341. Now if we let ! be
a primitive cube root of unity, then y is the element of T which acts as !
on one of the irreducible modules of dimension 3 and as !−1 on the other.
Now y has type 3B[G] so type 3C[E] or 3E[E]. But y does not centralize all
of the A5 factor of J by Schur’s Lemma since it is not a scalar so y cannot
have type 3E so y has type 3C. But then M is conjugate to a subgroup of
C. But there are exactly three C-classes of SL2; 5 subgroups of C with
fusion pattern one of 785, 786, or 800, so there are exactly three E-classes
of SL2; 5 subgroups of C with fusion pattern one of 785, 786 or 800, and
since each of 785, 786, and 800 occurs in E, each class has a distinct fusion
pattern and the result is proved.
Corollary 3.10. There is only one class of SL2; 5 subgroups of E with
fusion pattern 786.
Proof. Suppose M is a subgroup of E with fusion pattern 786. Then M
satisfies the hypotheses of the previous lemma. Hence M belongs to one of
the three conjugacy classes of SL2; 5 subgroups of E in Lemma 3.9. But
only one of those conjugacy classes has subgroups with fusion pattern 786,
so M belongs to a unique conjugacy class in E.
To calculate centralizer types, we use Table 3.2 and Lemma 2.9. We note
that the centralizer types of SL2; 5 subgroups with fusion patterns 785,
800, and 1556 have already been computed in the proofs of Lemmas 3.7
and 3.8 and the centralizer types of SL2 ; 5 subgroups with fusion patterns
786, 3089, 3105, and 3141 are determined by their dimensions and are T1,
T2, T2, and T1, respectively.
Case 934. By Lemma 2.9, Table 3.2, Table 3.3, and Remark 1.14, the
centralizer of an SL2; 5 subgroup of E with this fusion pattern has di-
mension 7 and rank 3, and therefore has type A1A1T1.
Case 951. By Lemma 2.9, Table 3.2, Table 3.3, and Remark 1.14, the
centralizer of an SL2; 5 subgroup of E with this fusion pattern has di-
mension 11 and rank 3, and therefore has type B2T1 or A2A1.
Case 1368. By Lemma 2.9, Table 3.2, Table 3.3, and Remark 1.14, the
centralizer of an SL2; 5 subgroup of E with this fusion pattern has di-
mension 4 and rank 2, and therefore has type A1T1.
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Case 1401. By Lemma 2.9, Table 3.2, Table 3.3, and Remark 1.14, the
centralizer of an SL2; 5 subgroup of E with this fusion pattern has di-
mension 9 and rank 3, and therefore has type A1A1A1 or A2T1. But by
Table 3.3, the C-embedding of such a subgroup is centralized by a sub-
group of type A2 so the centralizer must have type A2T1.
Case 1419. By Lemma 2.9, Table 3.2, Table 3.3, and Remark 1.14, the
centralizer of an SL2; 5 subgroup of E with this fusion pattern has di-
mension 9 and rank 3, and therefore has type A1A1A1 or A2T1. But by
Table 3.3, the C-embedding of such a subgroup is centralized by a group
of type A2 so the centralizer must have type A2T1.
Case 1504. By Lemma 2.9, Table 3.2, Table 3.3, and Remark 1.14, the
centralizer of an SL2; 5 subgroup of E with this fusion pattern has di-
mension 4 and rank 2, and therefore has type A1T1.
Case 2294. By Lemma 2.9, Table 3.2, Table 3.3, and Remark 1.14, the
centralizer of an SL2; 5 subgroup of E with this fusion pattern has di-
mension 35 and rank 5, and therefore has type A5, B3G2, or C3G2. But by
Table 3.3, the A-embedding of such a subgroup is centralized by a group
of type A4A1, so the centralizer has type A5.
Case 3088. By Lemma 2.9, Table 3.2, Table 3.3, and Remark 1.14, the
centralizer of an SL2; 5 subgroup of E with this fusion pattern has di-
mension 4 and rank 2, and therefore has type A1T1.
Case 3847. By Lemma 2.9, Table 3.2, Table 3.3, and Remark 1.14, the
centralizer of an SL2; 5 subgroup of E with this fusion pattern has di-
mension 22 and rank 4, and therefore has type B3T1, G2A2 or C3T1. But
by Table 3.3, a D-embedding of such a subgroup is centralized by a group
of type B3 so the centralizer has type B3T1.
Case 3868. By Lemma 2.9, Table 3.2, Table 3.3, and Remark 1.14, the
centralizer of an SL2; 5 subgroup of E with this fusion pattern has di-
mension 16 and rank 4, and therefore has type A3T1, G2T2 or B2A1A1. But
by Table 3.3, a D-embedding of such a subgroup is centralized by a group
of type A3 so the centralizer has type A3T1.
Case 4438. By Lemma 2.9, Table 3.2, Table 3.3, and Remark 1.14, the
centralizer of an SL2; 5 subgroup of E with this fusion pattern has di-
mension 11 and rank 3, and therefore has type A2A1 or B2T1. But by
Table 3.3, a D-embedding of such a subgroup is centralized by a group of
type B2, so the centralizer has type B2T1.
Theorem 3.11. Suppose M is an SL2; 5 subgroup of E. Then M is
conjugate to every other SL2; 5 subgroup of E with the same fusion pattern.
These fusion patterns and the centralizer types of SL2; 5 subgroups of E with
these fusion patterns are listed in Table 3.12.
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TABLE 3.12
Conjugacy Classes of SL2; 5 Subgroups of E
Fusion pattern
Subgroups of E
which contain SL2; 5
subgroups of the given
fusion pattern
Connected
centralizer
type
Number of
conjugacy
classes in E
785 2A, 3C, 4E, 5G, 6C, 10M C A1 1
786 2A, 3C, 4E, 5G, 6C, 10N C T1 1
800 2A, 3C, 4E, 5F, 6C, 10J C A1 1
934 2A, 3C, 4F, 5G, 6H, 10L A, C, D A1A1T1 1
951 2A, 3C, 4F, 5F, 6H, 10O A, C, D B2T1 or A2A1 1
1368 2A, 3D, 4E, 5G, 6G, 10N A, D A1T1 1
1401 2A, 3D, 4E, 5I, 6G, 10R A, C, D A2T1 1
1419 2A, 3D, 4E, 5E, 6G, 10Q A, C, D A2T1 1
1504 2A, 3D, 4F, 5G, 6B, 10L A, D A1T1 1
1556 2A, 3D, 4F, 5E, 6B, 10G A A1 1
2294 2A, 3A, 4A, 5A, 6K, 10P A, C, D A5 1
3088 2B, 3C, 4D, 5G, 6D, 10C C, D A1T1 1
3089 2B, 3C, 4D, 5G, 6D, 10D C, D T2 1
3105 2B, 3C, 4D, 5F, 6D, 10K C, D T2 1
3141 2B, 3C, 4D, 5E, 6D, 10F D T1 1
3847 2B, 3D, 4H, 5I, 6J, 10A A, C, D B3T1 1
3868 2B, 3D, 4H, 5E, 6J, 10S A, C, D A3T1 1
4438 2B, 3A, 4H, 5E, 6E, 10S A, D B2T1 1
Remark 3.13. It is clear that for each conjugacy class K of SL2; 5
subgroups which have nonrational elements of order 10 there are two non-
conjugate classes of embeddings of SL2; 5 subgroups of K. As for those
classes with rational elements of order 10, all of them have representatives
in D except class 1556 which has a representative in A. Suppose K is an
SL2; 5 conjugacy class where the elements of K have rational elements
of order 10. Then by Theorem 3.11, K consists of all SL2; 5 subgroups
with the given fusion pattern so if there is any element of K afforded by
an embedding of SL2; 5 into D (or A in the case of class 1556) which
is unchanged by an outer twist, and if there is an element of D (or A for
1556) which induces that outer twist, then there is only one class of embed-
dings affording elements of K. Such an element exists in D if any of the
irreducible constituents are odd, and always exists in A.
1556 6
3141 4C 3a C 3b
3868 4C 16
4438 5C 15
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4. CONJUGACY OF Alt5 SUBGROUPS OF F4
We begin with a definition, and then we present a theorem of R. Griess.
Definition 4.1. Suppose X is a group, Y a subgroup. Two subgroups
Y1 and Y2 are strongly fused in Y with respect to X if they are conjugate in
X and, whenever x 2 X satisfies Yx1 D Y2, there are y 2 Y and c 2 CXY1
so that x D cy. Suppose that W is a family of subgroups of Y such that any
pair of subgroups from W which are conjugate in X are strongly fused. We
then say that Y strongly controls fusion in W with respect to X.
Theorem 4.2 (R. Griess). Consider a natural containment F  E, where
F has type F4 and E is of type E6. Then F strongly controls fusion of its
reductive subgroups with respect to E.
Proof. See [14, Theorem 1.3].
Recall that F is the fixed point subgroup of the standard graph automor-
phism of E of type F4. We would like to determine the conjugacy classes
of embeddings of Alt5 into F . As a result of Griess’ theorem, it is enough
to determine which of the conjugacy classes of Alt5 subgroups of E have
representatives in F since each of these represents a single conjugacy class
in F . To do this, we first calculate the character for the 26-dimensional
module for F as well as the adjoint module. The results are in Table 4.4.
Notation 4.3. Let  be the adjoint character for F and  be the 26-
dimensional irreducible character for PF .
Proof of Table 4.4. According to [18], the number of conjugacy classes
in F of order a divisor of i is the coefficient of ti in the power series
expansion of
1
1− t1− t221− t31− t4 :
This series begins as
1C t C 3t2 C 4t3 C 8t4 C 10t5 C 17t6 C 21t7 C 32t8 C 39t9 C 55t10 C : : : :
Thus, the number of conjugacy classes of elements of order i is the co-
efficient of ti in
1C t C 2t2 C 3t3 C 5t4 C 9t5 C 11t6 C 20t7 C 24t8 C 35t9 C 43t10 C : : : :
To find the adjoint character on each of the classes of elements of order
n, we find all sequences s0; s1; :::; s4 generating the unit ideal and such
that
P4
iD0 aisi D n where the ai are the labels for F 14 in [16, Table Aff 1].
Then, by [16, Theorem 8.6], all elements of F of order n are exhausted up
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TABLE 4.4
Elements of F of Orders 2, 3, 4, 5, 6, and 10
Class
Centralizer
in F
Multiplicity
of e2ij=k on J for
j D 0; 1; : : : ; kC 1=2 
Multiplicity
of e2ij=k on adjF for
j D 0; 1; : : : ; kC 1=2 
Class
in E
2A A1C3 14, 12 2 24, 28 −4 2A
2B B4 10, 16 −6 36, 16 20 2B
3A A2A2 8, 9 −1 16, 18, −2 3C
3B B3 PT1 8, 9 −1 22, 15 7 3D
3C C3T1 14, 6 8 22, 15 7 3A
4A A3A1 4, 8, 6 −2 18, 8, 18 0 4D
4B A2A1T1 8, 6, 6 2 12, 14, 12 0 4F
4C A1B2T1 6, 6, 8 −2 14, 14, 10 4 4E
4D B3T1 8, 8, 2 6 22, 8, 14 8 4H
4E C3T1 14, 6, 0 14 22, 14, 2 20 4A
5A[2] A2A1T1 8, 3, 6 5− 3 12, 8, 12 4− 4 5F
5B[2] A2A1T1 4, 5, 6 −1−  12, 11, 9 1C 2 5G
5C[2] B3T1 8, 1, 8 7− 7 22, 7, 8 15−  5I
5D B2T2 6, 5, 5 1 12, 10, 10 2 5E
5E[2] C3T1 14, 6, 0 8C 6 22, 14, 1 8C 13 5A
6A A3T1 2, 5, 4, 6 −3 16, 5, 10, 6 5 6A
6B A1A1A1T1 4, 4, 5, 4 −1 10, 8, 7, 12 −1 6B
6C A1A1T2 4, 4, 5, 4 −1 8, 10, 8, 8 2 6C
6D A2A1T1 4, 6, 3, 4 3 12, 6, 12, 4 2 6D
6E A1B2T1 6, 4, 2, 8 0 14, 4, 11, 8 −1 6E
6F A1B2T1 6, 2, 4, 8 −4 14, 10, 5, 8 11 6F
6G B2T2 6, 5, 4, 2 5 12, 9, 6, 10 5 6G
6H A2A1T1 8, 6, 3, 0 11 12, 12, 6, 4 14 6H
6I A2T2 8, 3, 3, 6 2 10, 8, 7, 12 −1 6I
6J B3T1 8, 8, 1, 0 15 22, 8, 7, 0 23 6J
6K C3T1 14, 6, 0, 0 20 22, 14, 1, 0 35 6K
10A[3] B3T1 8, 8, 1, 0, 0, 0 7C 9 22, 8, 7, 0, 0, 0 15C 15 10A
10B[3] A3T1 2, 4, 0, 1, 4, 6 −3−  16, 4, 6, 1, 4, 6 5C 5 10B
10C[3] A2A1T1 4, 6, 3, 2, 0, 0 3C 7 12, 6, 9, 2, 3, 0 5C 10 10C
10D[3] A2T2 2, 3, 1, 4, 3, 2 3− 3 10, 3, 7, 4, 6, 2 5 10D
10E[3] A1A1A1T1 4, 4, 1, 0, 4, 4 −1C  10, 4, 3, 4, 4, 12 1−  10E
10F A1A1T2 2, 3, 2, 3, 2, 4 −1 8, 3, 7, 3, 7, 4 0 10F
10G A1A1T2 2, 2, 3, 2, 3, 4 −3 8, 6, 4, 6, 4, 4 6 10G
10H[3] A1B2T1 6, 2, 0, 0, 4, 8 −2 − 2 14, 10, 1, 0, 4, 8 5C 7 10H
10I[3] A1B2T1 6, 4, 0, 0, 2, 8 −2 C 2 14, 4, 1, 0, 10, 8 5− 5 10I
10J[3] A1A1T2 4, 2, 1, 2, 4, 4 1− 3 8, 8, 4, 4, 4, 4 4C 4 10J
10K[3] A1A1T2 4, 4, 1, 2, 2, 4 1C  8, 4, 6, 2, 8, 4 0 10K
10L[3] A1A1T2 4, 4, 3, 2, 2, 0 3C 3 8, 6, 5, 6, 3, 4 5C 2 10L
10M[3] A1A1T2 4, 2, 1, 4, 4, 0 7− 5 8, 4, 3, 8, 5, 4 9− 6 10M
10N[3] A1T3 2, 3, 3, 2, 3, 2 −1C  6, 5, 5, 6, 4, 6 1 10N
10O[3] A2A1T1 8, 6, 3, 0, 0, 0 5C 9 12, 12, 6, 2, 0, 0 8C 16 10O
10P[3] C3T1 14, 6, 0, 0, 0, 0 14C 6 22, 14, 1, 0, 0, 0 21C 15 10P
10Q[3] B2T2 6, 5, 4, 1, 0, 0 3C 8 12, 9, 5, 5, 1, 0 12 C 8 10Q
10R[3] B2T2 6, 4, 0, 1, 4, 2 5−  12, 4, 2, 5, 4, 10 5− 3 10R
10S B2T2 6, 4, 1, 4, 1, 0 9 12, 4, 6, 4, 6, 0 10 10S
10T[3] A1T3 4, 3, 3, 2, 2, 2 1C 2 6, 6, 5, 5, 4, 6 2 10T
10U[3] A1T3 4, 3, 2, 1, 3, 4 −1C  6, 6, 3, 5, 6, 6 2 − 2 10U
10V[3] A2T2 8, 3, 0, 0, 3, 6 2 10, 7, 0, 1, 7, 12 −1−  10V
10W[3] A2T2 8, 3, 0, 3, 3, 0 11− 3 10, 6, 1, 7, 6, 2 14− 6 10W
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to conjugacy, and we can easily calculate the multiplicities of the eigenval-
ues of each class of elements. The centralizers come from [16, Proposition
8.6(b)].
Finally, to calculate the multiplicities of the eigenvalues for the 26-
dimensional module for F , we note that the 27-dimensional module for E
is just the sum of the trivial module and the 26-dimensional module for F .
So the eigenvalue multiplicities are the same except that the multiplicity
of the eigenvalue 1 is one less than it is for the 27-dimensional module
for E.
Define Ri for i D 0; : : : ; 4 to be the fundamental SL2; for the cor-
responding node on the extended Dynkin diagram for F where the nodes
are labeled as
  H) 
0 1 2 3 4
We define some standard subgroups of F in Table 4.5.
As in the last section, we calculate the feasible characters of Alt5 of
degree 26. Since we already have a list of the fusion patterns which occur
in E, we can eliminate any feasible characters affording fusion patterns
which do not correspond to Alt5 subgroups of E. The remaining feasible
characters and the fusion patterns they afford are listed in Table 4.6.
Since these are the only fusion patterns which are afforded by feasible
characters, they are the only fusion patterns which can possibly correspond
to an Alt5 subgroup of F . Now we simply need to prove the existence
or nonexistence of an Alt5 subgroup of F with each of the above fusion
patterns. To begin, we list the fusion patterns which occur in the standard
subgroups of F of types B4 and C3. These are the subgroups B and Sp in
Table 4.5. Since B  D and Sp  A, we can use Table 2.5 to list the fusion
patterns of the Alt5 subgroups of F which occur in B and Sp, as shown in
Table 4.7.
For B, we take all the D-embeddings from Table 2.5 which have trivial
constituents. For Sp, we have, by [12, 3.37] and results analogous to [11, 5.15
and 5.16], that the image of a 2n-dimensional representation of Alt5 into
TABLE 4.5
Standard Subgroups of F
Notation Meaning
B Ri  i 2 0; 1; 2; 3, a subgroup of F \D of type B4
Sp Ri  i 2 2; 3; 4, a subgroup of F\ (a conjugate
of A) of type C3
1F C \ F , a subgroup of type A22 , and is the centralizer
of an element of F of type 3AF
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TABLE 4.6
Feasible Characters Which Afford Fusion Patterns Occurring in E
Feasible character F-fusion pattern E-fusion pattern vL; 1
5C 37a 2B, 3B, 5C 1312 2B, 3D, 5I 14
53 C 3a C 42 2A, 3A, 5B 272 2A, 3C, 5G 0
1C 53 C 3a C 3b C 4 2A, 3A, 5D2A, 3B, 5D
361 2A, 3C, 5E
557 2A, 3D, 5E
0
3
12 C 53 C 33a 2A, 3A, 5A 302 2A, 3C, 5F 0
14 C 3a C 3b C 44 2A, 3C, 5D 753 2A, 3A, 5E 3
15 C 33a C 43 2A, 3C, 5A 694 2A, 3C, 5A 3
18 C 36a 2A, 3C, 5E 769 2A, 3A, 5A 8
TABLE 4.7
Embeddings of Alt5 in B and Sp
Fusion pattern B-embedding Sp-embedding
272 none none
302 5C 3a C 1 none
361 5C 4 none
557 none none
694 4C 3a C 1 none
753
3a C 3b C 13
42 C 1 none
769 32a C 13 none
1312 none 32a
SL2n; is in Sp2n; if and only if the multiplicity of every irreducible
constituent has even multiplicity (since each of the irreducible characters
of Alt5 are afforded by real representations (see [4])).
Lemma 4.8. The group F contains one conjugacy class of Alt5 subgroups
with each of the fusion patterns, 302, 361, 694, 769 and 1312, and two con-
jugacy classes of Alt5 subgroups with fusion pattern 753.
Proof. Since there is an Alt5 subgroup of F with each of the named
fusion patterns in either B or Sp, F contains a representative of the re-
spective E-conjugacy classes with the corresponding E-fusion pattern, and
by Griess’ theorem, these classes remain intact in F . Since there is a rep-
resentative of both of the E -classes of Alt5 subgroups with fusion pattern
753 in F , there are two F-classes of such subgroups as well.
Lemma 4.9. The group F does not contain any Alt5 subgroups with fusion
pattern 557.
Proof. Suppose F did contain an Alt5 subgroup L with fusion pattern
557. Then, by Table 4.6, the connected centralizer of L has dimension three
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and therefore rank at least one. Hence CL contains an element of order
three, and a conjugate of L is contained in one of B, Sp, or 1F . But by
Table 4.7, there are no Alt5 subgroups of B or Sp with fusion pattern 557,
so a conjugate of L is contained in 1F  C. But by Table 2.5, there are no
Alt5 subgroups of C with fusion pattern 557 so we have a contradiction.
The only remaining fusion pattern is 272 (2A, 3A, 5B). Subgroups with
this fusion pattern have a zero-dimensional centralizer. Magaard has shown
that such a subgroup is unique up to conjugacy. We reproduce his argument
in what follows.
To begin, we wish to classify the Alt5 subgroups of G2 and also, the
diagonal Alt5 subgroups of the centralizer of an involution of type 2A.
By [20, p. 100 Satz 20], F is the automorphism group of the exceptional
27-dimensional central simple Jordan algebra 
 over . Since 
 can be
characterized as 8>><>>:
0BB@
γ1 c1 c2
c1 γ2 c3
c2 c3 γ3
1CCA
γi 2 F; ci 2 
9>>=>>; ;
where  denotes the octonian algebra, and G2 D Aut, G2 acts on
each of the octonian entries of 
 so G2 D 73 C 15. (It is worth mentioning
that our statements here are well-defined since, by [14, 3.12], all embeddings
of a group of type G2 into F are conjugate in F .) We need to consider which
7-dimensional characters of Alt5 will yield a 26-dimensional character that
is consistent with the fusion patterns of Alt5 subgroups of F . We call such
characters feasible.
We start by listing the conjugacy classes of elements of orders 2, 3, and
5 in G2 shown in Table 4.10.
Proof of Table 4.10. The spectra are from application of [16, Theorem
8.6] as in Table 4.4. The 7-dimensional character is determined in two ways.
TABLE 4.10
Elements of Orders 2, 3 and 5 in G2
Centralizer Adjoint
Label Vector Type Spectrum adjG2 G2 Class in F
2A 010 A1A1 6, 8 -2 -1 2A
3A 110 A1T1 8, 3 5 -2 3A
3B 001 A2 4, 5 -1 1 3C
5A[2] 011 A1T1 4, 3, 2 1C  - 5A
5B[2] 310 A1T1 4, 4, 1 3 1C 2 5E
Note. Here,  is the 7-dimensional character for G2 and  D 1C
p
5.
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For elements of orders two and three, the equation  C adjG2 D
V2 
from [12, p. 353] allows us to solve a quadratic equation to obtain  . We
then check to see which solution to the equation yields a proper value for
 (recall that  D 1 C 3). For elements of order 5, we do the opposite.
We begin with the elements of order 5 in F and see which ones will give us
an acceptable trace when we restrict to G2. Only two classes in F restrict
acceptably, and then we use the equation  C adjG2 D
V2  to determine
which class in G the given class in F corresponds to. Finally, we note that
for the class 3AG2, it is not clear from this process whether it is contained
in 3AF or 3BF but it becomes clear from later calculations that it is
contained in 3AF (see Note 4.13) so we list it that way here.
Theorem 4.11. There are exactly two conjugacy classes of Alt5 subgroups
in G2. They have fusion patterns 694 (2A[G2], 3B[G2], 5A[G2]) and 769
(2A[G2], 3B[G2], 5B[G2]), and the 7-dimensional character for G2 decom-
poses as 4C 3a and 1C 3b C 3b in the respective cases.
Proof. By Table 4.10, there are four Alt5 fusion patterns for G2. But, by
Table 4.6, only three of these are feasible, namely, 302 (2A, 3A, 5A), 694
(2A, 3B, 5A), and 769 (2A, 3B, 5B). But an Alt5 subgroup of F with fu-
sion pattern 302 has zero-dimensional centralizer, by Table 4.6, so no such
subgroup could be contained in G2 since G2 has a centralizer of positive
dimension in F (see, for example, [14, 3.10]). Using the orthogonality re-
lations, we see that the 7-dimensional character,  , decomposes as 4 C 3a
for 694 and as 1 C 3b C 3b for 769. Thus, we have at least two conjugacy
classes of Alt5 subgroups of G2 which have one of two fusion patterns.
But Griess has shown [14, 1.2] that the 7-dimensional character is enough
to determine conjugacy in G2, so we have exactly two conjugacy classes of
Alt5 subgroups of G2.
Next, we show that any Alt5 subgroup of G2 centralizes an involution.
Proposition 4.12. Any Alt5 subgroup of G2 centralizes an involution.
Proof. The connected centralizer of an involution x in G2 has type
A1A1 and is isomorphic to SL2;  SL2;. There are two embeddings
(up to an outer twist) of Alt5 into Cx. One of these embeddings (2b⊗ 2b)
corresponds to the 3b C 3b C 1 embedding in G2 (since 2b ⊗ 2b D 3b C 1)
and so has fusion pattern 769 and the other (2a ⊗ 2b) corresponds to the
4C 3a embedding in G2 (since 2a ⊗ 2b D 4) and has fusion pattern 694. We
have therefore representatives of both conjugacy classes of Alt5 subgroups
of G2 in Cx and so we have our result.
Note 4.13. We stated earlier that the elements of type 3A[G2] were con-
tained either in 3A[F] or 3B[F]. If 3A[G2] were contained in 3B[F], then
by Table 4.6 and Lemma 4.9, there would be no feasible Alt5 subgroups
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of G2. But by Proposition 4.12, there are, in fact embeddings of Alt5 into
the centralizer of an involution of G2 and therefore into G2. So we have a
contradiction and 3A[G2] is contained in 3A[F].
Since we have that every Alt5 subgroup of G2 is centralized by an invo-
lution, we will be interested in conjugacy of Alt5 subgroups of CFx where
x is an involution of type 2A[F]. The interesting cases of this question are
the diagonal subgroups and we discuss these in what follows.
Lemma 4.14. Let x be an involution of F of type 2A. If L1 and L2 are
two diagonal Alt5 subgroups of CFx, then they are conjugate in F if and
only if they are conjugate in CFx.
Proof. One direction is trivial, so assume that L1 and L2 are conjugate
in F . Then, since L1 and L2 are diagonal, the quasiprojections of L1 and
L2 to the factors of CFx are both isomorphic to SL2; 5 with central
involution x. Any element of F which conjugates L1 to L2 centralizes x
and therefore is an element of CFx.
We list, in Table 4.16, the conjugacy classes of CFx where x is an in-
volution of type 2A. To do so, we need to know the restriction of , the
26-dimensional character for F , to CFx.
Lemma 4.15. Let K be the 27-dimensional module for E. Then K decom-
poses over Sp as V6  V 06  V15 where V6 is the natural 6-dimensional module
for Sp and V15 D
V2 V6. Consequently, CF x D 2⊗ 6CV2 6.
Proof. The first statement is proved in [2]. The last statement is a con-
sequence of the fact that 6 is the only dimension that is repeated in the
decomposition of K for Sp.
Let CFx D C1C2 where C1 D SL2; and C2 D Sp6;. Now
as there are no Alt5 subgroups of SL2;, the only diagonal Alt5
subgroups of CFx are subgroups of the form m  m  m 2 M;
 x M ,! C2, and x D x where M is an SL2; 5 subgroup of C1 with
central involution x. We list these diagonal subgroups in Table 4.16. Note
that, for a given SL2; 5 subgroup, M1, of C2, there are two ways, up to
conjugacy, that  could map M to M1. The resulting diagonal subgroups
may or may not be conjugate and that is reflected in the table. By Table 5.2
and [14, 2.4], we have a complete list, up to conjugacy.
The next theorem is the goal we have been reaching toward. Unfortu-
nately, the proof requires a number of new definitions and notation. It
would be tedious to introduce all of Magaard’s notation and definitions
here, so we refer the reader to [17]. However, since the argument is not ex-
plicitly in [17], we guide the reader through the various implications. The
argument is based on the proof of [17, 16.4] and we are grateful to K. Ma-
gaard for bringing it to our attention and laying out the proof for us.
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TABLE 4.16
Diagonal Alt5 Subgroups of CFx, Where x Is an Involution of Type 2A
Fusion pattern Fusion pattern Fusion pattern of
of C1 (and embedding) of C2 diagonal subgroup
quasiprojection quasiprojection of CFx
2294 1556 (6) 272
2294 1504 (4f C 2) 302/361
2294 951 (23a) 769/694
2294 934 (22a C 2b) 302/361
Theorem 4.17 (Magaard). The group F has a unique conjugacy class of
Alt5 subgroups with fusion pattern 272.
Proof. Let L be an Alt5 subgroup of F with fusion pattern 272. Then
by Table 4.6, the 26-dimensional module for F is also an L-module which
decomposes into 53 C 3a C 42. Let U be the 3-dimensional irreducible mod-
ule for L. Now U is self dual and Sym2U D 1 C 5, so U is not a sub-
module of Sym2U, and therefore, by [17, 10.8], U is brilliant. Now if U
contains singular points, then its intersection with its radical is nontrivial.
Since U is irreducible, it is contained in its radical and therefore is singu-
lar. But U isn’t singular since, if it were, the 26-dimensional module would
not be nondegenerate and so S#2U 6D 0 by [17, 3.4.2]. By [17, 10.1.4],
S#2U is a homomorphic image of Sym2U D 1a C 5a. Since U is nonsin-
gular, S#2U 6 id by [17, 10.5], and by [17, 10.4], S#2U 6 id. Hence,
S#2U D Sym2U D 1a C 5a, so, in particular, dimS#2U > 3.
Now if S#2U is brilliant, by [17, 4.3], it contains singular points so satis-
fies the hypotheses of [3, Theorem 1]. Thus, its normalizer is a brilliant sub-
group of E6. By [17, 6.9], since L is contained in NS#2U, L is either
contained in a maximal parabolic subgroup of F or the stabilizer of some
nondegenerate subalgebra. By [17, 6.5, 6.6, 6.7, 6.8 and the Orbit Points
Lemma] we have that L is either in a maximal parabolic, the stabilizer of a
nondegenerate subalgebra of 
 of dimension at most 3 or the stabilizer of a
V9 type subalgebra or a V15 type subalgebra. But L doesn’t act on any non-
degenerate subalgebras of 
 of dimension less than three, and by [17, 5.4]
if  is such a subalgebra of dimension 3, then NF D Spin8:Sym3.
By [14, 3.7], the Spin8 factor of NF is conjugate in F to a subgroup
of B, but there aren’t any Alt5 subgroups of B with fusion pattern 272 by
Table 4.7 so this is impossible. By [17, 5.12 and 5.13], if H is a particu-
lar Cartan subgroup of E, then NFV9 D SL3;  SL3;HD:, and
NFV15 D Sp6;  SL2;HD where  acts as a graph automorphism
of CFV9 D SL3; and HD xD NFH. Suppose L  NFV9. Then as
L is perfect, it is contained in the SL3;  SL3; subgroup, X, of
NFV9, i.e., the centralizer of an element of F of type 3A[F], a conjugate
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of 1F . By [1, Theorem 3(3)], G2 contains an SL3; subgroup S. A non-
identity central element of S therefore has type 3A[F], so one of the factors
of X is contained in a G2 subgroup of F . Hence, the projection of L to
one of the factors of X (note that L is necessarily diagonally embedded in
X) is centralized by an involution of type 2A[F], by Proposition 4.12, and
therefore, L is centralized by an element of type 2A.
If L  NFV15, then L is contained in the Sp6;  SL2; subgroup
of NFV15 (again, since L is perfect). But this is the centralizer of an
involution of type 2A.
Finally, suppose L is in a maximal parabolic subgroup of F . Then L
is contained in a subgroup of type B4, A1A3, A2A2, or A1C3. We have
already dealt with two of these cases, and there is no Alt5 subgroup of
B by Table 4.7, so we are left with groups of type A1A3. These are the
centralizers of elements of type 4A. But any element that centralizes an
element of type 4A also centralizes an element of type 2B, so is in the
centralizer of an element of type 2B. This is impossible as we saw before.
If S#2U is not brilliant, then by [17, 10.7], S#2U is a member of U6,
i.e., L acts on an algebra which is conjugate to 
, where  D 1 by [17,
5.12.2] and so by [17, 5.13.1], L  N
 D PSO3 G2. But now the
projection of L into the G2-factor of N
 is centralized by an involution
of type 2A, so L is centralized by an involution of type 2A.
In every case, we find that L is centralized by an involution of type 2A,
so is conjugate to a subgroup of CFx. But by Table 4.16 and Lemma 4.14,
L is unique up to conjugacy in F .
We summarize our results in Table 4.18.
Proof of Table 4.18. Everything in the table is clear from previous re-
sults except the connected centralizer types for fusion patterns 753 and 769
since the centralizer type for F must correspond to a group which is a sub-
TABLE 4.18
Conjugacy Classes of Alt5 Subgroups of F
Subgroups of F
which contain Alt5 Connected
F fusion, subgroups with the centralizer Number of conjugacy
pattern given fusion pattern type classes in F
272 2A, 3A, 5B none 1 1
302 2A, 3A, 5A B 1 1
361 2A, 3A, 5D B 1 1
694 2A, 3C, 5A B A1 1
753 2A, 3C, 5D B A1 2
769 2A, 3C, 5E B A2 1
1312 2B, 3B, 5C Sp G2 1
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group of a group with the connected centralizer type for the analogous
fusion pattern for E (see Table 2.11). By Table 4.6, the connected central-
izer types for fusion patterns 753 and 769 are 3 and 8, respectively. But
then by Lemma 1.12 and Table 4.7, the ranks of the connected central-
izer type for fusion patterns 753 and 769 are 1 and 2, respectively. So the
connected centralizer type for fusion patterns 753 and 769 are A1 and A2,
respectively.
Remark 4.19. It is clear that for each conjugacy class K of Alt5 sub-
groups which have nonrational elements of order 5 there are two noncon-
jugate classes of embeddings of Alt5 subgroups of K. As for those classes
with rational elements of order 5, all of them have representatives in B.
Suppose K is an Alt5 conjugacy class where the elements of K have ratio-
nal elements of order 5. Then by Table 4.18, either K consists of all Alt5
subgroups with the given fusion pattern or K is one of two classes with the
given fusion pattern. So if there is any element of K afforded by an em-
bedding of Alt5 into B which is unchanged by an outer twist, and if there is
an element of B which induces that outer twist, then there is only one class
of embeddings affording elements of K. Such an element exists in B if any
of the irreducible constituents are odd. We produce such an embedding for
each rational class K.
361 5C 4
753
42 C 12
3a C 3b C 12
5. CONJUGACY OF SL2; 5 SUBGROUPS OF F4
We can also use Griess’ Theorem (4.2) to determine the conjugacy classes
of embeddings of SL2; 5 subgroups of F . As in the last section, we calcu-
late the feasible characters of SL2; 5 of degree 26. Since we already have
a list of the fusion patterns which occur in E, we can eliminate any feasible
characters affording fusion patterns which do not correspond to SL2; 5
subgroups of E. The remaining feasible characters and the fusion patterns
they afford are listed in Table 5.1.
Since these are the only fusion patterns which are afforded by feasible
characters, they are the only fusion patterns which can possibly correspond
to an SL2; 5 subgroup of F . Now we simply need to prove the existence
or nonexistence of an SL2; 5 subgroup of F with each of the above fusion
patterns. As in the last section, we list the fusion patterns which occur in B
and Sp using Table 3.3, as shown in Table 5.2.
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TABLE 5.1
Feasible Characters Which Afford Fusion Patterns Occurring in E
F fusion pattern
Feasible character E fusion pattern (F-classes) M; 1
42f C 22a C 5C 33a 785 2A,3C, 4E, 2A, 3A, 4C, 5B, 3
5G, 6C, 10M 6C, 10M
62 C 5C 33a 800 2A, 3C, 4E,l 2A, 3A, 4C, 5A, 3
5F, 6C, 10J 6C, 10J
13 C 22a C 24b C 3b C 42 934 2A, 3C, 4F, 2A, 3A, 4B, 5B, 4
5G, 6H, 10L 6H, 10L
15 C 26b C 33b 951 2A, 3C, 4F, 2A, 3A, 4B, 5A, 6
5F, 6H, 10O 6H, 10O
6C 2a C 22b C 3a C 3b C 42 1368 2A, 3D, 4E, 2A, 3B, 4C, 5B, 4
5G, 6G, 10N 6G, 10N
12 C 6C 23b C 34a 1401 2A, 3D, 4E, 2A, 3B, 4C, 5C, 7
5I, 6G, 10R 6G, 10R
12 C 4f C 24b C 34b 1419 2A, 3D, 4E, 2A, 3B, 4C, 5D, 7
5E, 6G, 10Q 6G, 10Q
1C 42f C 22b C 52 C 3b 1504 2A, 3D, 4F, 2A, 3B, 4B, 5B, 3
5G, 6B, 10L 6B, 10L
62 C 52 C 4 1556 2A, 3D, 4F, 2A, 3B, 4B, 5D, 3
5E, 6B, 10G 6B, 10G
114 C 26b 2294 2A, 3A, 4A, 2A, 3C, 4E, 5E, 21
5A, 6K, 10P 6K, 10P
1C 42f C 24b C 33b 3088 2B, 3C, 4D, 2B, 3A, 4A, 5B, 3
5G, 6D, 10C 6D, 10C
6C 4f C 22a C 2b C 32a C 4 3089 2B, 3C, 4D, 2B, 3A, 4A, 5B, 2
5G, 6D, 10D 6D, 10D
1C 62 C 22b C 32a C 3b 3105 2B, 3C, 4D, 2B, 3A, 4A, 5A, 1
5F, 6D, 10K 6D, 10K
62 C 2a C 2b C 3a C 3b C 4 3141 2B, 3C, 4D, 2B, 3A, 4A, 5D, 1
5E, 6D, 10F 6D, 10F
17 C 28b C 3b 3847 2B, 3D, 4H, 2B, 3B, 4D, 5C, 15
5I, 6J, 10A 6J, 10A
16 C 24a C 24b C 4 3868 2B, 3D, 4H, 2B, 3B, 4D, 5D, 10
5E, 6J, 10S 6J, 10S
15 C 44f C 5 4438 2B, 3A, 4H, 2B, 3C, 4D, 5D, 6
5E, 6E, 10S 6E, 10S
For B, we take all the D-embeddings from Table 3.3 which have trivial
constituents. For Sp, we have, by [12, 3.37] and results analogous to [11, 5.15
and 5.16], that the image of a 2n-dimensional representation of SL2; 5
into SL2n; is in Sp2n; if and only if the multiplicity of every non-
faithful irreducible constituent has even multiplicity (since the nonfaithful
characters are afforded by real (and therefore orthogonal) representations
(see [4])).
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TABLE 5.2
Embeddings of SL2; 5 in B and Sp
Fusion pattern B-embedding Sp-embedding
785 none none
800 none none
934
23a C 3b C 12
22a C 4C 1
22a C 2b
951 22a C 3a C 12 23a
1368 none none
1401 none none
1419 none none
1504 22a C 5 4f C 2
1556 none 6
2294 22a C 15 2a C 14
3088 33a none
3105 32a C 3b none
3847
3a C 16
24a C 1
22a C 12
3868
4C 15
22a C 22b C 1
2a C 2b C 12
4438
5C 14
42f C 1 4f C 1
2
Lemma 5.3. The group F contains one conjugacy class of SL2; 5 sub-
groups with each of the fusion patterns: 934, 951, 1504, 1556, 2294, 3088,
3105, 3847, 3868, and 4438.
Proof. Since E has a single conjugacy class of SL2; 5 subgroups with
each of the above fusion patterns, and since by Table 5.2, F contains a
representative for each of these E-classes, by Griess’ Theorem (4.2), F has
a unique conjugacy class of SL2; 5 subgroups with each of the fusion
patterns above.
Lemma 5.4. The group F does not contain SL2; 5 subgroups with fusion
patterns 3089 or 3141.
Proof. Let M be an SL2; 5 subgroup of F with fusion pattern 3089 or
3141. Then M has a 2B involution x, so M is a subgroup of CEx D B.
But by Table 5.2, there are no subgroups of B with fusion pattern 3089 or
3141.
Lemma 5.5. The group F does not contain SL2; 5 subgroups with fusion
patterns 1368, 1401, or 1419.
Proof. Suppose M is an SL2; 5 subgroup of F with fusion pattern
1368, 1401, or 1419. Then, by Table 5.1, the connected centralizer of M has
positive dimension and therefore positive rank, so contains an element, y,
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of order three. Since M is centralized by y, it is contained in the centralizer
of y and hence is conjugate to a subgroup of either B, Sp or C. Now by
Table 5.2, M is not conjugate to a subgroup of either B or Sp, and by
Table 3.3, M is not conjugate to a subgroup of C if M has fusion pattern
1368, so there are no SL2; 5 subgroups of F with fusion pattern 1368. So
now assume M has fusion pattern either 1401 or 1419. Then by [11, Table
8.2], CGM has type either A5 or B3G2. Since M is in F , and CGF
has type G2, CGM contains a subgroup of type G2. But a group of type
A5 acts on a 6-dimensional module, while a group of type G2 acts on a
7-dimensional module, so a group of type A5 cannot have a subgroup of
type G2, and therefore, CGM has type B3G2. But now one of the factors
of CGM is contained in F , so CFM has type either B3 or G2 which
contradicts the statement in Table 5.1 that CFM has dimension 7. Thus
we have that M is not a subgroup of F .
Lemma 5.6. The group F contains one conjugacy class of SL2; 5 sub-
groups with each of the fusion patterns 785 and 800.
Proof. Suppose M is an SL2; 5 subgroup of F with fusion pattern
either 785 or 800. Now the group 1F is a subgroup of C of type A2A2
which has as factors one of the factors of C and a diagonal subgroup of
the product of the other factors of C. So if M is an SL2; 5 subgroup
of 1F , then the projection of M into two of the factors of C must act on
isomorphic modules. (Since E permutes the factors of C by Lemma 1.6,
we may arrange the characters among the factors as we wish.) Conversely,
if M acts on two isomorphic modules, then the outer automorphism which
fixes F fixes some E-conjugate of M , so there is an SL2; 5 subgroup of F
with each of the fusion patterns 785 and 800, and therefore, by Theorems
3.11 and 4.2, these subgroups of F are unique up to conjugacy.
We summarize our results in Table 5.7.
Proof of Table 5.7. Everything in the table is clear from previous results
except for the connected centralizer types. From Tables 3.2 and 3.12, all
of the connected centralizer types are forced except fusion patterns 2294,
3847, 3868, and 4438. By Table 5.2 we have embeddings 3a C 16, 4C 15 and
5C 14 for fusion patterns 3847, 3868, and 4438, respectively. Thus, if M is an
SL2; 5 subgroup of F with one of these fusion patterns, CM contains
a subgroup of type A3, B2, and A1A1, respectively. Now the connected
centralizer dimensions from Table 3.2 force the entries listed in the table.
Now suppose M has fusion pattern 2294. Then the central involution x of
M has type 2A[F]. Since Cx has type A1C3 and CM  Cx, and since
the dimension of CM is 21 by Table 3.2, CM has type C3.
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TABLE 5.7
Conjugacy Classes of SL2; 5 Subgroups of F
Subgroups of F
which contain SL2; 5 Connected Number of
subgroups with the centralizer conjugacy classes
F fusion pattern given fusion pattern type in F
785 2A, 3A, 4C, 1F A1 1
5B, 6C, 10M
800 2A, 3A, 4C, 1F A1 1
5A, 6C, 10J
934 2A, 3A, 4B, B, Sp, 1F A1T1 1
5B, 6H, 10L
951 2A, 3A, 4B, B, Sp, 1F A1A1 1
5A, 6H, 10O
1504 2A, 3B, 4B, B, Sp A1 1
5B, 6B, 10L
1556 2A, 3B, 4B, Sp A1 1
5D, 6B, 10G
2294 2A, 3C, 4E, B, Sp C3 1
5E, 6K, 10P
3088 2B, 3A, 4A, B, 1F A1 1
5B, 6D, 10C
3105 2B, 3A, 4A, B, 1F T1 1
5A, 6D, 10K
3847 2B, 3B, 4D, B, Sp, 1F A3 1
5C, 6J, 10A
3868 2B, 3B, 4D, B, Sp B2 1
5D, 6J, 10S
4438 2B, 3C, 4D, B, Sp A1A1 1
5D, 6E, 10S
Remark 5.8. It is clear that for each conjugacy class K of SL2; 5
subgroups which have nonrational elements of order 10 there are two non-
conjugate classes of embeddings of SL2; 5 subgroups of K. As for those
classes with rational elements of order 10, all of them have representatives
in B except class 1556 which has a representative in Sp. Suppose K is an
SL2; 5 conjugacy class where the elements of K have rational elements
of order 10. Then by Theorem 5.7, K consists of all SL2; 5 subgroups
with the given fusion pattern so if there is any element of K afforded by
an embedding of SL2; 5 into B (or Sp in the case of class 1556) which
is unchanged by an outer twist, and if there is an element of B (or Sp for
1341) which induces that outer twist, then there is only one class of embed-
dings affording elements of K. Such an element exists in B if any of the
irreducible constituents are odd, and always exists in Sp by [14, 2.4]. We
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produce such an embedding for each rational class K.
1556 6
3868 4C 15
4438 5C 14
6. EMBEDDINGS OF Alt5 INTO THE CENTRALIZER OF AN
ELEMENT OF G OF TYPE 3B
Now that we have a classification theorem for the Alt5 and SL2; 5
subgroups of E, we can solve the embedding problem for subgroups of G
of type A2E6.
Notation 6.1. Let y be a fixed central element of E of order three. Then
CGy has type A2E6. Let X1 be the A2-factor of CGy. Then CGy D
X1E. Now if L is a diagonally embedded Alt5 subgroup of CGy, then
let L1 and L2 be the commutator subgroups of the quasiprojections of L
into X1 and E, respectively. Both L1 and L2 are isomorphic to Alt5 since
the intersection of X1 and E has order three and hence no involutions. As
there is only one class of Alt5 subgroups of SL3;, we know the fusion
pattern of L1 is 769 by [11, 4.14] since CGE is a subgroup of A. The
fusion pattern of L2 is one of those listed in Table 2.11.
Let : L1 ! L2 be an isomorphism and let
Lin xD ‘‘  ‘ 2 L1; ; a fixed inner automorphism of L2
and
Lout xD ‘‘  ‘ 2 L1; ; a fixed outer automorphism of L2:
We wish to calculate the fusion pattern of each of the Alt5 classes of
subgroups in E. To do so, we need the following lemma.
Lemma 6.2. If , , and  are defined as in Notation 1.3 and if  is the
natural degree 3 character and  the adjoint character for X1, then X1E D
C C  C .
Proof. It is easy to prove using dominant weights that E D 8  1a C 3 
C 3   C . Thus we have a small number of possibilities for X1E . The
only possibility that matches the values of  is the one in the lemma.
Using Lemma 6.2, we can now calculate the adjoint character on ele-
ments of diagonal Alt5 subgroups of X1E and then we obtain the fusion
patterns of such groups. By Notation 6.1, there will be at most two fusion
patterns for diagonal subgroups for each Alt5 fusion pattern in E. We list
the results in Table 6.3.
448 darrin d. frey
TABLE 6.3
Fusion Patterns of Diagonal Alt5 Subgroups of X1E
Fusion pattern of Fusion pattern of Fusion pattern of
X1 quasiprojection E quasiprojection diagonal subgroup of X1E
769 272 844/815
769 302 815/785
769 361 860
769 557 1056
769 694 1207/1177
769 753 1252
769 769 1312/1341
769 1312 272/302
769 1341 272
Theorem 6.4. Each row of Table 6.3 corresponds to one or two conjugacy
classes of diagonal Alt5 subgroups of X1E depending on the number of fusion
patterns listed in the third column of that row. The conjugacy classes are listed
in Table 6.5.
Proof. By Notation 6.1, each row corresponds to either one or two con-
jugacy classes of diagonal Alt5 subgroups of X1E. In rows where there are
two fusion patterns listed, it is clear that there are two classes since groups
with different fusion patterns are not conjugate. For those rows in which
the third row has a single conjugacy class, we observe that the commutator
subgroup of the quasiprojection to E is an Alt5 subgroup with rational ele-
ments of order 5. By Remark 2.12, there is only one E-class of embeddings
TABLE 6.5
Fusion Patterns and Conjugacy of Alt5
Subgroups of X1E
Number of X1E
Fusion pattern conjugacy classes
272 2
302 1
785 1
815 2
844 1
860 1
1056 1
1177 1
1207 1
1252 1
1312 1
1341 1
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of Alt5 subgroups with each of these fusion patterns, so for subgroups L
corresponding to these rows, the elements of Lin are conjugate to the el-
ements of Lout, so there is only one X1E-class of subgroups (in fact one
class of embeddings) with the same fusion pattern as L.
7. EMBEDDINGS OF SL2; 5 INTO THE CENTRALIZER OF AN
ELEMENT OF G OF TYPE 3B
Remark 7.1. Let y and X1 be as in the previous section (see Nota-
tion 6.1). If M is a diagonally embedded SL2; 5 subgroup of CGy,
then let M1 and M2 be the commutator subgroups of the quasiprojections
of M into X1 and E respectively. Both M1 and M2 are isomorphic to one
of Alt5 or SL2; 5 since the intersection of X1 and E has order three
and hence no involutions. As there is only one class of Alt5 subgroups and
one class of SL2; 5 subgroups of SL3;, we know the fusion pattern
of M1 is 769 if M1 D Alt5 and is 2294 if M1 D SL2; 5 by [11, 4.14 and
4.16]. The fusion pattern of M2 is one of those listed in Table 2.11 or Ta-
ble 3.12. Now there is an epimorphism from M1 to M2 or vice versa, so
by an argument similar to that in Notation 6.1, we have either one or two
X1E-classes of SL2; 5 subgroups for each of the classes of Alt5 and/or
SL2; 5 subgroups of E.
There are three possibilities for M1 and M2. Either M1 D SL2; 5 and
M2 D Alt5, M1 D Alt5 and M2 D SL2; 5 or M1 D M2 D SL2; 5. We
list all the fusion patterns corresponding to these possibilities in Table 7.2.
Theorem 7.3. Each row of Table 7.2 corresponds to one or two conjugacy
classes of diagonal SL2; 5 subgroups of X1E depending on the number of
fusion patterns listed in the third column of that row. The conjugacy classes
are listed in Table 7.4.
Proof. By Remark 7.1, each row corresponds to either one or two con-
jugacy classes of diagonal SL2; 5 subgroups of X1E. In rows where there
are two fusion patterns listed, it is clear that there are two classes since
groups with different fusion patterns are not conjugate. For those rows in
which the third row has a single conjugacy class, we observe that the com-
mutator subgroup of the quasiprojection to E is an SL2; 5 subgroup with
rational elements of order 10. By Remark 3.13, there is only one E-class of
embeddings of SL2; 5 subgroups with each of these fusion patterns, so
for subgroups M corresponding to these rows, the elements of M in are con-
jugate to the elements of Mout, so there is only one X1E-class of subgroups
(in fact one class of embeddings) with the same fusion pattern as M .
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TABLE 7.2
Fusion Patterns of Diagonal SL2; 5 Subgroups of X1E
Fusion pattern of
Fusion pattern of Fusion pattern of diagonal subgroup
X1 quasiprojection E quasiprojection of X1E
2294(SL2; 5) 272(Alt5) 174/188
2294(SL2; 5) 302(Alt5) 152/170
2294(SL2; 5) 361(Alt5) 210
2294(SL2; 5) 557(Alt5) 786
2294(SL2; 5) 694(Alt5) 1310/1328
2294(SL2; 5) 753(Alt5) 1368
2294(SL2; 5) 769(Alt5) 1401/1419
2294(SL2; 5) 1312(Alt5) 785/800
769(Alt5) 785(SL2; 5) 170/188
769(Alt5) 786(SL2; 5) 188/174
769(Alt5) 800(SL2; 5) 174/152
769(Alt5) 934(SL2; 5) 22/37
769(Alt5) 951(SL2; 5) 19/3
769(Alt5) 1368(SL2; 5) 750/764
769(Alt5) 1401(SL2; 5) 786/800
769(Alt5) 1419(SL2; 5) 785/786
769(Alt5) 1504(SL2; 5) 598/613
769(Alt5) 1556(SL2; 5) 633
769(Alt5) 2294(SL2; 5) 1401/1419
769(Alt5) 3088(SL2; 5) 2476/2491
769(Alt5) 3089(SL2; 5) 2475/2493
769(Alt5) 3105(SL2; 5) 2476/2458
769(Alt5) 3141(SL2; 5) 2511
769(Alt5) 3847(SL2; 5) 3088/3105
769(Alt5) 3868(SL2; 5) 3089
769(Alt5) 4438(SL2; 5) 3665
2294(SL2; 5) 785(SL2; 5) 2475/2491
2294(SL2; 5) 786(SL2; 5) 2476/2493
2294(SL2; 5) 800(SL2; 5) 2475/2458
2294(SL2; 5) 934(SL2; 5) 2324/2342
2294(SL2; 5) 951(SL2; 5) 2305/2324
2294(SL2; 5) 1368(SL2; 5) 3052/3069
2294(SL2; 5) 1401(SL2; 5) 3089/3105
2294(SL2; 5) 1419(SL2; 5) 3088/3089
2294(SL2; 5) 1504(SL2; 5) 2900/2918
2294(SL2; 5) 1556(SL2; 5) 2937
2294(SL2; 5) 2294(SL2; 5) 3847/3868
2294(SL2; 5) 3088(SL2; 5) 19/37
2294(SL2; 5) 3089(SL2; 5) 22/37
2294(SL2; 5) 3105(SL2; 5) 3/22
2294(SL2; 5) 3141(SL2; 5) 57
2294(SL2; 5) 3847(SL2; 5) 934/951
2294(SL2; 5) 3868(SL2; 5) 934
2294(SL2; 5) 4438(SL2; 5) 1504
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TABLE 7.4
Fusion Patterns and Conjugacy of SL2; 5
Subgroups of X1E
Number of X1E
Fusion pattern conjugacy classes
13 2
19 2
22 3
37 3
57 1
152 2
170 2
174 3
188 3
210 1
598 1
613 1
633 1
750 1
764 1
785 2
786 4
800 2
934 2
951 1
1310 1
1328 1
1368 1
1401 2
1419 2
2305 1
2324 2
2342 1
2458 2
2475 3
2476 3
2491 2
2493 2
2511 1
2900 1
2918 1
2937 1
3052 1
3069 1
3088 2
3089 3
3105 2
3665 1
3847 1
3868 1
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8. CONJUGACY IN E8 REVISITED
In [11], we were unable to determine the number of conjugacy classes of
SL2; 5 subgroups of G with fusion patterns 174 (2A, 3A, 4D, 5B, 6G,
10JJ) or 188 (2A, 3A, 4D, 5C, 6G, 10KK). (These are all G-classes.) We
were however able to prove that all conjugacy classes of such subgroups
had a representative in X1E so now that we have a conjugacy theorem for
SL2; 5 subgroups of X1E, we proceed to pursue further the question of
conjugacy in G. We begin with a generalization of [11, 5.35].
Lemma 8.1. Let Y be the centralizer of a semisimple element x of a Lie
group Z. Suppose L is a subgroup of Y , CZL contains an n-dimensional
torus T and that T contains an element y which is conjugate to x in Z. Then
CY Lg contains an n-dimensional torus for some g 2 Z such that Lg  Y .
Proof. Since y is conjugate to x, 9g 2 G such that yg D x. Hence Tg 
Cx D Y , Lg  Y (since Tg centralizes Lg and contains x), and Tg 
CY Lg.
Theorem 8.2. Suppose M is an SL2; 5 subgroup of G with fusion
pattern 174 or 188. ThenM is conjugate inG to every other SL2; 5 subgroup
of G with the same fusion pattern.
Proof. By [11, 8.0], M is conjugate to a subgroup of X1E so we can use
Table 7.4 to see that there are three X1E-classes of subgroups with fusion
pattern 174 and three X1E-classes of subgroups with fusion pattern 188. We
want to show that these classes fuse in G and therefore that all SL2; 5
subgroups with fusion patterns 174 and 188, respectively, are conjugate in
G. Let M1 and M2 be the commutator subgroups of the quasiprojection of
M to X1 and E, respectively. By Table 7.2, M1 is either an Alt5 subgroup
of X1 with fusion pattern 769 or an SL2; 5 subgroup of X1 with fusion
pattern 2294. In the latter case, M2 D Alt5 and has fusion pattern 272.
Since CX1M1 is trivial, CX1EM is contained in E and is in fact the
same as CEM2. As CEM2 in this case is trivial by Table 2.11, we have
that CX1EM is also trivial. If M1 D Alt5, then M2 D SL2; 5 and has
fusion pattern 786 or 800 if M has fusion pattern 174 and 785 or 786 if M
has fusion pattern 188. In all of these cases, CEM2 D CX1EM has rank
one. Moreover, CGM has rank one, so if M is a member of the conjugacy
class K of X1E with zero-dimensional connected centralizer, and we can
find a toral element of type 3B[G] in CGM then by Lemma 8.1, M is
conjugate in G to a member of one of the conjugacy classes of X1E with
rank one centralizer, thus fusing two of the X1E classes. But the analysis
of the toral element of order three in CGM done in [11, p. 114] shows
that either M is in H (the centralizer of a certain element G of type 2B[G]
or the toral element of order three in CGM has type 3B[G]. However,
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if M  H, then by [11, Lemma 5.34 and Table 5.36] the toral element of
CGM has type 3B[G].
Next, we need to show that the two X1E-classes with rank one centraliz-
ers fuse in G. In these cases, CGM D CEM2, and by Table 3.3, M2 is
centralized by an element of type 3C[E]. So M is centralized by a 3B[G]-
pure nines-group, so is conjugate to a subgroup of 1. But there is only one
G-class of SL2; 5 subgroups of 1 with fusion patterns 174 and 188, re-
spectively, so the two X1E-classes with rank one centralizers fuse in G.
9. TABLE OF NOTATION AND DEFINITIONS
TABLE 9.1
List of Notation and Definitions
Notation or definition Place defined
Fusion pattern Definition 1.1
G Notation 1.3
Si Notation 1.3
 Notation 1.3
E Notation 1.3
 Notation 1.3
 Notation 1.3
A Table 1.4
H Table 1.4
1 Table 1.4
D Table 1.5
A Table 1.5
C Table 1.5
F Table 1.5
Alt5 fusion patterns Table 2.1 (see also Note 2.2)
Character notation Remark 2.3
Outer twist Remark 2.4
Quasiprojection Definition 2.8
SL2; 5 fusion patterns Table 3.1 (see also Note 2.2)
Strong control of fusion Definition 4.1
 Notation 4.3
 Notation 4.3
B Table 4.5
Sp Table 4.5
1F Table 4.5
X1 Notation 6.1
Lin Notation 6.1
Lout Notation 6.1
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